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3 PREFACE. 



In the composition of this work, my object has been to 
arrange in a systematic form a Collection of Mechanical 
Problems for the use of the higher Schools and various Col- 
leges of this country, and especially for the service of those 
members of the University of Cambridge who are engaged in 
the study of the Elementary course of Mechanics, with which 
Candidates for Honours are expected to be familiar in the first 
three days of the Examination for the Mathematical Tripos. 
In the Schedule of the subjects, as fixed by the Grace of the 
Senate for the regulation of the Examination of the Candi- 
dates during these three days, the range of Mechanical 
reading is limited to the following branches : — 

"The elementary parts of Statics, treated without the 
Differential Calculus ; namely, the Composition and Resolu- 
tion of Forces acting in one plane at a point, the Mechanical 
Powers, and the Properties of the Centre of Gravity." 

" The Elementary parts of Dynamics, treated without the 
Differential Calculus ; namely, the Doctrine of Uniform and 
Uniformly accelerated Motion, of falling bodies. Projectiles, 
Collision, and Cycloidal Oscillations." 

w.M. h 
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The whole number of propositions in Elementary Me- 
chanics, as implied in these extracts from the Schedule, are 
certainly far from numerous: indeed any sensible student, 
acquainted with the rudiments of Geometry, Algebra, and 
Trigonometry, might, in a very short time, acquire so rational 
a comprehension of the truth of the demonstrations, as to be 
able to pass a satisfactory examination in the mere book 
learning of the subject. The most valuable eflPect however 
of the study of science is to awaken originality or at least 
activity of thought, and to prepare the student for a state of 
intellect beyond mere logical assent to a number of tolerably 
easy propositions. In order that his mind may be aroused from 
mere acquiescence in prescribed demonstrations of standard 
theorems, it is necessary that he should exercise his invention 
in the solution of problems by the application of his primary 
principles. As the best method of acquiring a power of in* 
dependent thought, I would strongly urge him to be in the 
habit of concentrating his attention on the kindred properties 
of each fundamental idea, and to abandon the too common 
practice of the indiscriminate solution of problems connected 
together by no principle of aflSility. In order to facilitate 
this process of study, I have written this and other simi- 
lar works. By the classification of numerous problems in 
distinct groups, I have endeavoured to induce the student 
to expend an adequate amount of thought at one time in 
the exclusive consideration of deductions from each im- 
portant theorem, regarded as 9. characteristic type of its 
corresponding group, hoping to convey to his mind, by the 
comparison of many associated properties, an abiding and 
energetic conception of each fundamental principle of the 
Science. 



PREFACE. Vll 

For far the greater number of the problems, which are 
contained in this Volume, I am indebted to the printed 
Examination papers, proposed by the University Examiners 
for the Mathematical Tripos and by the Examiners in the 
various Colleges. My reason for so largely availing myself of 
these sources is twofold; first, because it is impossible for 
any one man to invent a large number of problems equal in 
value to the best of those contributed by many; and, secondly, 
because, by bringing together, as I have done, so many of the 
problems which have of late years been actually proposed to 
Candidates for the various University and College distinc- 
tions, I have prepared a collection of problems which may 
certainly be regarded as fair specimens of the class of 
problems to which, in this branch of Mechanics, the 
University of Cambridge directs the attention of its younger 
members. 

As the doctrine of Cycloidal Oscillations is especially men- 
tioned in the Schedule of the subjects prescribed for the 
First Three Days of the Examination for the Mathematical 
Tripos, I have thought it desirable to publish, in an Appendix 
to this Volume, a new demonstration, by Mr R. L. Ellis of 
Trinity College, of the tautochronism of the Cycloid, which I 
think cannot fail to be interesting to many of those who are 
engaged in the study of Elementary Mechanics. 

The utility of a work of this kind to a beginner in mathe- 
matical studies would be much impaired, were the answers to 
the various problems, the solutions of which are not given in 
full, very frequently erroneous. I have accordingly taken 
much pains to render the results accurate : I cannot however 
hope to have escaped the commission of sundry errors, and 
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should feel much indebted to any one who would be so kind 
as to direct my attention to any mistakes, the rectification of 
which might be effected either in a new table of errata or 
ultimately in a second edition of the work, if called for by 
the public. 



WILLIAM WALTON. 



Cahbbidoe, 
September 24, 1858. 



In the preparation of a second edition of this Collection 
of Problems, I have carefully revised the whole work, added 
various new problems, and endeavoured by its publication 
in a less expensive form to render it more accessible to 
students of Mechanics. 

WILLIAM WALTON. 

The Manor House, Little Shslfobd, 
Cambridge, 
Augwi 2, 1880. 
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STATICS, 



CHAPTER I. 

RESULTANT OF TWO FORCES ACTING AT A POINT. 

Sect. 1. Geometrical Method. 

If two forces P, Q, act at a point 0, fig. (1), in the direc- 
tions OAf OB, respectively, and if 

OA : OB :: P : Q, 

then 00, the diagonal of the parallelogram OAGB, will 
coincide with the direction of the resultant R of the two 
forces, and 

OA\OB'.OG::PiQ:K 

(1) The resultant of two forces of 6 and 8 lbs., acting at a 
point, is equal to 10 lbs. : to find the angle between the two 

forces. 

• 

Let 0, fig. (1), be the point, OA^, OB, the directions of the 
forces 6, 8, respectively: take 0-4 = 6 units of length, and 
OB = S units of length: complete the parallelogram OAGB, 
and join 00, Then 00 must be equal to 10 units of length. 

Since 6* 4- 8^ = 10*, the square on 00 must be equal to 
the square on OA together with that on AG: hence, by 
Euclid, the angle OA 0, and therefore the angle A OB, that 
is, the angle between the two forces, must be a right angle. 

(2) If the angle between two equal forces be 120^ what 
is their resultant? 

W. M. 1 



2 RESULTANT OF TWO FORCES ACTING AT A POINT. 

Let CAy CBy fig. (2), represent the two forces: complete 
the parallelogram CBDA, and join CD: then CD will re- 
present the resultant. 

Now Ab = BG=^CA; 

hence iCDA^zDGAi 

but z CD A = z DGB : 

hence zDGA^aDCB, 

and therefore, since zAGB = 120°, z 2)04 = 60*=^ ODil : 
but the sum of the angles of the triangle AGD is 180®: 
hence also z GAD = 60^, and the triangle GAD is equilateral. 
Thus GD is equal to GA or (75 and bisects the angle A GB, 
that is. the resultant is equal to either of the component 
forces and bisects the angle between them. 

(3) Two forces act at a point at right angles to each 
other and the resultant is double of the less : shew that the 
angle which the resultant makes with the less is double the 
angle which it makes with the greater. 

Let GA, GB, fig. (8), represent the two forces : complete 
the rectangle BGAD and draw the diagonal GD, which will 
represent the resultant of GA, GB. 

Bisect GD at and join OA : then, since a circle, of 
which GD is a diameter, can be described about the triangle 
GAD, it is plain that OD, OA, which are radii, must be equal 
to each other : but AD = CD, by the hypothesis : hence the 
triangle A CD is equilateral and therefore equiangular. 

Again, OA, OG, being radii, the triangle AOG is isosceles, 
and j: AGO = ^ GAO, 

The exterior angle AOD of the triangle AGO is equal to 
the angle AGO together with the angle CAO, and therefore 
to twice the angle AGO : 

but z BGD=z ODA = z AOD: 

hence zBGD=^2zAGD. 

(4) At any point P, fig. (4), of a parabola forces are 
applied, represented in magnitude and direction by the tan- 
gent FT and normal PG at the point : to prove that the 
resultant will pass through the fccus. * 
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The force FT acting at P is equivalent to forces PS, ST, 
acting at P; and the force PO, acting at P, is equivalent to 
forces PS, 80, acting at P, or, since the line SQ is equal to 
the line TS, to forces PS, TS, acting at P. 

Hence the forces PT, PO, acting at P, are equivalent to 
the force 2PS acting at P in the direction PS. 

(5) Two forces, which act at a point of a curve, are 
represented in magnitude and direction by chords passing 
through the point : if the position of one of the chords and 
the direction of the resultant be given, to determine the 
position of the other chord. 

Let BAG, fig. (5), be the curve; let the chord AP, given 
in position, represent one of the forces ; and let the indefinite 
line AS represent the given direction of the resultant of the 
force AP and the other force. Produce PA to T, making 
AT equal to AP. Through T draw the line TQ parallel to 
AS, cutting the curve at any point Q, Draw QR parallel to 
TA, cutting AS at R : join PR. Then QR, AP, are equal 
to one another, being each equal to AT; they have also been 
drawn parallel to each other. Hence, by Euclid, AQ = PR. 
Thus the chord AQ represents a force which, combined with 
the force -4P, corresponds to a resultant AR^ 

If the line TQ, produced if necessary, cut the curve at 
any other points Q', Q", Q'",...; there will be other chords 
AQ', AQ'\ AQ'",... which satisfy the conditions of the 
problem. 

(6) Two forces act along opposite sides of a quadrilateral 
in a circle, towards the same parts, and are inversely propor- 
tional to these sides: to prove that the resultant will pass 
through the intersection of the diagonals. 

Let ABCDf fig. (6), be the quadrilateral, being the 
intersection of the diagonals, and let the forces act along AB, 
DC, or along P-4, CD. Produce AB, DC, to meet at T, and 
draw OE, OF, parallel to DG, AB, respectively. 

The angle OBE is equal to z AOB + z BA 0, and there- 
fore to zDOO+^ BAG, and therefore to z DOG+zBDG, 
or to z J)OG+ L CBOy and therefore to z OGF. Also ^BEO 

1—2 
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= I CFO. Hence the triangles OBE, OOF, the angles OBEy 
BEOy being equal respectively to the angles OGF, CFO, are 
similar triangles. Again the triangles A OB, COD, are simi- 
lar, since the angle BAO is equal to the angle GDO^ and the 
angle AOB to the angle COD. 

Hence TF : TE :: OE : OF 

OB : OC 
AB: CD 

force along DC : force along AB. 

Hence the resultant of these two forces must pass 
through 0. 

(7) The resultant of two equal forces, applied at a given 
point, is represented in magnitude and direction by a given 
straight line drawn from the point : prove that the locus of 
the extremity of the straight line, which represents either 
force, is an indefinite perpendicular erected at the middle 
point of the given straight line. 

(8) I{ ABC he a, right-angled triangle and ABFO, 
ACKH, be the squares on the sides, constructed as in 
Euclid I. 47; prove that the resultant of forces, represented 
by GF, BK, is represented by a diagonal of the rectangle the 
sides of which are AG, AH. 

(9) A line representing in magnitude- the difference be- 
tween the resultant and one of two equal forces, which act at 
a point at right angles to each other, is given: shew how the 
lines representing the forces may be found by a geometrical 
construction. 

Sect. 2. Trigonometrical Method. 

Let two forces P, Q, act at a point, and let a be the angle 
between their directions: then, if R be their resultant, and if 
it's direction be inclined to the directions of P, Q, at angles 
<^, -x/r, respectively, 

iJ'=PHQ' + 2PQcosa, 

Q . . P . 

sin ^ = ^ sin a, sin -^ = ^ sin a. 
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The first and either of the last two of these formulaB de- 
termine the magnitude and the direction of the resultant. 

If two forces X, T, act at right angles to each other, and 
if theu' resultant B make angles \, /a, with X, Y, respectively, 
then 

X Y 

cos ^ = p > cos /l = -:j^- 

(1) If two forces, each equal to P, act at a point, the 
angle between their directions being 60^, to find the magni- 
tude of their resultant. 

Let -B denote their resultant: then 

£» = P« + p» + 2P.P.cos60^ 
= 3P*, 

This question may be treated also as follows. 

Let C, fig. (7), be the point at which the two forces act: 
draw Cx to bisect the angle between their directions, and 
draw yCi/' at right angles to Cx. Then one of the forces is 
equal to P cos 30® along Cx and Psin 30** along Cy, the other 
force being equal to P cos 30** along Cx and P sin 30** along 
Cy: the components along Gy, Cy\ destroy one another, and 
there remains for the resultant a force along Cx equal to 

2P cos 30° = PV3. 

(2) Forces P, Q, are applied to the ends J., B, respec- 
tively, of a cord AOB, the point of which is fixed by a nail: 
to determine the angle between OA, OB, in order that the 
pressure on the nail may be equal to ^ (P + Q). 

Let be the required angle: then, ^{P + Q) being by 
the hypothesis the resultant of the two forces, 

l(P + Q)« = P« + Q» + 2P<2cos^, 

. 2PQ - 3 (P' ->- (?') 
^«^= m ' 

which determines the value of 0. 



6 BESULTANT OF TWO FORCES ACTING AT A POINT. 

(3) A string ACP, fig. (8), to the end of which is attach- 
ed a weight P, is attached to a point -4 in a wall AB: from 
a point B of the wall a thin rod J? (7 projects horizontally, 
pushing out the string: to find the pressure of the string on 
the rod. 

The end C of the rod is acted on by the tension P of the 
portion GA of the string, in the direction CA, and by the 
tension P of the portion CP of the string vertically down- 
wards. 

Let JL ACB = a: then the angle between the two equal 
forces P, P, acting at C, is equal to J tt + a: hence the pres- 
sure .on the end C of the rod is equal to 

2P cos — ^ — . 

(4) A string is wrapped round a regular polygon, the 
tension of the string being given: to find the sum of the 
pressures on the angles of the polygon, and thence to de- 
termine the whole pressure on the circumference of a circle 
under like circumstances. 

Let n be the number of the sides of the polygon; 0, 
fig. (9), its centre; AB, BC, any two consecutive sides: join 
AO, BO, CO, Let P be the tension of the string. Let R 
be the pressure on the angle B, being the resultant of the 
two equal forces, P, P, acting along BA, BG. Then 

P = 2Pcos^jB0: 

but 2z4J50 = 7r- — , 

n 



^ 



2 n 

hence jB=2Psin — , 

n 

Consequently the sum of the pressures upon the n angles is 
equal to 

2nP sin — . 
n 
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Let n = 00 : then the whole pressure upon the circum- 
ference of the circle, into which the polygonal periphery de- 
generates^ is equal to 

sm — 
27rP. ^ = 27rP. 

TT 

n 

(5) The directions of two forces, equal to 3 lbs. and 
4 lbs. respectively, are inclined to each other at an angle of 
6(f: to determine the magnitude and direction of their 
resultant. 

(6) If two equal forces be inclined to each other at an 
angle of 120**, shew that their resultant is equal to either of 
them. 

(7) Two forces are inclined to each other at an angle of 
30*, one force being equal to two pounds and the other to 
three pounds: to find the magnitude of their resultant. 

The resultant is equal to 

(13 + 6V3)l 

(8) If two forces, each equal to P, act at an angle of 
135* to each other, shew that their resultant is equal to 

(2-V2)*.P. 

(9) Two forces of 9 and 12 pounds act at a point in 
directions at right angles to each other : to find the magni* 
tude of their resultant. 

The resultant is equivalent to a force of 15 pounds. 

(10) Two forces act at right angles to each other, one of 
them being 4 pounds : to find the other when the resuUant 
is 5 pounds. 

The other is a force of 3 pounds. 



8 KESULTANT OF TWO FORCES ACTIKG AT A POINT. 

(11) If two forces of 6 and 12 pounds act at the same 
point at right angles to each other, what single force will pro^ 
duce the same result ? 

The single force required = 13 pounds. 

(12) If the magnitudes of two forces be 6 and 11, and 
the angle between their directions 30*, shew that the magni- 
tude of their resultant is 16*47 nearly. 

(13) Shew that, in the preceding question, the resultant 
makes with the force 6 an angle the sine of which is approx- 
imately '3339, and with the force 11 an angle of which the 
sine is approximately '1821. 

(14) Two forces of 1 and 2 pounds act at a point : to 
find th^ angle between the forces, supposing the resultant to 
be V7. 

The r^uired angle is 60^ 

(15) Apply two pressures of P pounds aUd P^3 pounds 
so as to produce the same effect as a pressure of 2P pounds 
applied in a given direction. 

The two forces P and P^/S must be at right angles to 
each other, their inclinations to the force 2P being 60* and 
30* respectively. 

(16) Shew that, if ^ be the angle between two forces of 
given magnitude, their resultant is greatest when ^ = 0, least 
when d = 7r, and continually decreases as 6 increases from 

to TT. 

(17) Which will be the more effective, two men pulling 
with a single rope, the strength of each being 2P, or two 
men pulling with two ropes at an angle of 90*, the strength 
of each being 3P ? 

The men in the latter case will be more effective. 

(18) Shew that the resultant of two forces P and Q, 
inclined to each other at an angle a, is equal in magnitude to 
that of two other forces 

(P + (2)C08|. (P-<2)8in|. 

making right angles with each other. 
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(19) Two forces P and nP act at a point and make a 
constant angle a with each other : to determine whether 
their resultant increases or decreases as n increases from 
zero. 

If a be acute, the resultant constantly increases : if a be 
obtuse, the resultant decreases until n^ — cos a, and after- 
wards increases, P sin a being its least Yalue. 

■ 

(20) To find the angle between two forces P and Q 
when their resultant is a mean proportional between its 
greatest and least value. 



If P be not less than Q, the required angle is equal to 



(21) Two equal forces act at a point first at an angle of 
45^ to each other, and next at an angle of 90^ : to compare 
the magnitudes of the resultants in the two cases. 

The ratio of the former to the latter resultant is equal to 



( 






(22) Two equal forces P, P, act at a point, first, at an 
angle a, and then at an angle ^tt — a: to compare the re- 
sultants in the two cases. 

The required ratio is equal to 

. .V2 . 

1+tan^ 

(23) If the resultant of two equal forces P, P, acting at 
a point at an angle a, be n times as great as if the angle were 
2a> to find the value of a. 

The value of a is given by the relation 

a l + (8n'4-l)^ 
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(24) Two equal forces are inclined to each other at such 
an angle that, if the direction of one of them were reversed, 
the resultant would be diminished in the ratio of V3 ^^ 1 • 
to find this angle of inclination. 

The required angle is 60°. 

(25) The magnitude of the resultant of two equal forces 
is not altered, if the direction of one of them be reversed and 
its magnitude doubled : to determine the angle between the 
forces. 

The two original forces are inclined to each other at an 
angle of sixty degrees. 

(26) The resultant of two forces, which act at a point in 
directions perpendicular to each other and are in the ratio of 
3 to 4, is equivalent to a weight of 60 pounds : to determine 
the forces. 

The required forces are equivalent to weights of 36 and 
48 pounds. 

(27) The resultant of two forces, acting at right angles 
to each other, is 13 pounds : when each component is in- 
creased by 3 pounds, the resultant is equal to the sum of the 
two original components : to find the forces. 

The required components are forces of 5 pounds and 12 
pounds. 

(28) Two equal weights P, P, are fixed to the ends of a 
string which passes over three tacks A, B, C, forming an 
equilateral triangle, A and G being in a horizontal line below 
B : to find the pressures on the tacks. 

The pressure upon B is equal to P\/3 and the pressure 
upon each of the tacks A and G is equal to 

^(V3-l). 

(29) Three pegs A, B, G, are stuck in a wall at the 
angles of an equilateral triangle, A being the highest and 
BG being horizontal : a string, the length of which is equal to 
four times a side of the triangle, is hung over them, and its 
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two ends are attached to a weight W: to find the pressure 
on each peg. 

The pressure on A is equal to W, and the pressure on 

W 
either B or Cm equal to -j= . 

(30) A, By (7, fig. (10), are three fixed tacks in a 
vertical plane: BG ia horizontal and -45 is inclined at an 
angle a to the horizon : a string PABGP, hanging over the 
tacks, supports equal weights P, P, at its ends : to find the 
pressures on the three tacks. 

The pressures onA,B, C, are respectively equal to 
2Pcos^!^-i^, 2Psin^, PV2. 



CHAPTER 11. 



EQUILIBRIUM OP THREE FORCES ACTING AT A POINT. 

Sect. 1, Triangle of forces. 

If three forces, the magnitudes of which are proportional 
to the sides BC, CA^ AB, of a triangle ABC, and of which 
the directions are either parallel to these sides or respectively 
inclined to them at equal angles, act at a point, they will pro- 
duce equilibrium, and conversely. 

(1) A force supports a weight on an inclined plane : 
supposing the force to act parallel to the plane and to be 
equal to the pressure on the plane, to find the inclination of 
the plane to the horizon. 

Let P, fig. (11), be the force, B the reaction of the plane, 
and W the weight : from E, the intersection of TPs direction 
with the horizontal line through any point A of the plane, 
draw EFdX right angles to the plane. Then, since P, TT, iJ, 
produce equilibrium, they must be proportional to the sides 
PO, OE, EF, respectively, of the triangle OEF. But P = iJ 
by supposition: hence FO^EF, lEOF^i^FEO, and 
therefore zAOE, and consequently 20AE, is equal to halt 
a right angle. 

(2) Can three forces in the proportion 5:3:2, acting on 
a particle in any manner, keep it at rest ? or forces in the 
proportion 10 : 6 : 3 ? 

If three forces acting on a particle produce equilibrium, 
they must generally be proportional to the three sides of a 
triangle. Now, when two sides of a triangle become to- 
gether equal to the third, the triangle degenerates into a 
straight Ime^ which may accordingly be regarded as a limiting 
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state of a triangle : hence, in the former case, equiUbrium is 
possible, the two forces 2 and 3 acting in a straight line 
oppositely to the force 5? 

In the latter case equilibrium is impossible, because 10 is 
greater than 6 + 3, and therefore the three forces cannot be 
represented by the sides of a triangle. 

(3) Three forces, represented in magnitude and direction 
by the sides of a triangle, act at a point : if the greatest of 
the forces be to the least as 5 to 3, and the triangle be right- 
angled, to compare the magnitudes of the three forces. 

Let the three forces be represented by 5P, 3P, nP: then, 
since the triangle is right-angled, and since its sides are 
proportional to the forces, 

(5P)« = (3P)« + (7iP)^ 

25 = 9^-n^ 7i' = 16, w = 4. 

Thus the three forces are in the proportion 

5:3:4. 

(4) Three forces P, Q, JK, acting on a particle and keeping 
it at rest, are represented by lines drawn from that point : if 
the line which represents P be given in magnitude and 
direction, and that which represents Q be given in magnitude 
only, to find the locus of the extremity of the line which 
represents R. 

Let 0, fig. (12), be the particle : let J.0 represent the 
force P, and GA the magnitude of the force Q : complete the 
triangle GA : then, since P, Q, P, are in equilibrium, G 
must represent the force R, 

Since the line representing P is given in magnitude and 
direction, J. is a fixed point ; and, since the line representing 
Q is given in magnitude, AG is constant ; hence, the angle 
GAO being variable, the locus of (7, the extremity of the line 
which represents the force R, is a circle described about '^ as 
a centre with a radius A G. 

(5) Three forces act at a point, their directions being 
parallel to the perpendiculars drawn from the angles of a 
triangle to the opposite sides, and their magnitudes inversely 
proportional to these perpendiculars : to prove that the three 
forces are in equilibrium. 



Q 

Similarly B 

P 
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Let ABC, fig. (13), be the triangle ; AP, BQ, CB, the 
three perpendiculars ; P, Q, jB, the respective forces. Then, 
the two triangles BAQ, CAB, being similar, 

BQ : CB :: AB : CA, 

and therefore, the magnitudes of the forces being inversely as 
the perpendiculars, 

B::CA: AB. 

P::AB: BC, 
Q::BC: CA, 
or P:Q :B::BC :CA: AB, 

This proportion shews that the forces are in equilibrium. 

(6) If three forces, the magnitudes of which are 3P, 4P, 
5P, act at a point and be in equilibrium, shew that the forces 
SP and 4iP are at right angles to each other. 

(7) Two weights are attached to given points of a fine 
string, the ends of which are fixed : prove that the tensions 
of the three portions of the string cannot be all equal. 

(8) Two small rings are moveable along the arc of a 
smooth vertical circle ; a string passes through both rings and 
hangs below the arc, three equal weights being attached to 
the string, one at each end and one on the portion between 
the rings ; to find the position of the rings when they are in 
equilibrium. 

li Ay By be the two rings, and C the centre of the circle, 
ABC must be an equilateral triangle, of which the side AB 
is horizontal. 

(9) A circular disc is kept at rest by three forces acting 
all outwards or all inwards along normals at three points 
of the circumference : shew that the forces are as the sides 
of the circumscribing triangle which touches the disc at those 
points. 

(10) To the extremities of a straight uniform rod are 
attached smooth small rings, one of which is moveable on a 
fixed vertical wire and the other on a fixed wire in the form 
of a parabolic arc the axis of which coincides with the former 
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wire, and the latus rectum of which is twice the length of the 
rod : to find the inclination of the rod to the vertical in its 
position of equilibrium. 

The required inclination is an angle of sixty degrees. 

Sect. 2. P : Q : 22 :: sin Q^ : sin B^ : sin pTq. 

If three forces P, Q, B, act at a point, and Q, B, B, P, 

P, Q, denote the respective angles between Q,B; B,P; P,Q; 
the sufficient and necessary conditions of equilibrium are 
expressed by the following proportion : 

P:Q:B:: am Q^B : sin B^ : sin P^Q. 

(1) From a given. point in a string AOB, fig. (14), the 
ends of which are attached to two fixed points -4, P, in a 
horizontal line, a weight W is suspended : to compare the 
tensions of the two parts AO, BO, of the string, a and ^ being 
their inclinations to the horizon. 

Since z OAB — a and z OB A = /3, it follows that 
z-40TF"=i7r + a, and z B0W==i'7r + ^: 
hence, 8, T, denoting the required tensions, 

S: T :: ain ^BOW: sin zAOW 
:: cos /S : cos a. 

Cor. Since z AOB = tt — a — /8, 'we see also that 

8 : W:: coa fi : sin (a + )8), 
and T : TT :: cos a : sin (a + 0). 

(2) Three forces, the directions of which bisect the angles 
of a triangle, are in equilibrium ; to shew that they are pro- 
portional to the cosines of the respective half-angles. 

Let the directions of the three forces P, Q, P, intersect 
at the point 0, fig. (15). Then, the forces being in equi- 
librium, 

P : Q : 5 :: sin ^ : sin ^ : sin P^. 
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But ,Q;^=^50(7=7r-^?^«| + ^, 

^ — ^ A 

and therefore sin Q, jB = cos -^ : 

similarly, sin iJ, P = cos g- , 

and sin P, Q = cos ^ . 

Hence P : Q : P :: cos^ : cos^ : cos^. 

(3) A hemispherical bowl ACB, fig. (16), contains a 
weight TT which is attached to a weight P by means of a string 
passing over the rim of the bowl at a point A\ to determine 
TF's position of equilibrium. 

Let M be the weight's position of equilibrium, being 
the centre of the sphere : let z ^ OJf = 6 : then, the triangle 
AOM being isosceles, l OMA = J('7r — &), 

The weight is kept at rest by the reaction P of the bowl, 
acting along Af 0, the force P, acting along MA^ and the force 
W^ acting vertically downwards : hence 

P cos ^ 
W 



cos 2 
2cos'2 -1=^008^, 

^e F e . 

^"^^ 2 ■" 2^"^^' 2 = ^' 
g_ P±(P' + 8TP) ^ 

Since 6 is evidently less than w and therefore ^ than ^, it 

follows that the negative sine in the numerator must be 
rejected : therefore the position of equilibrium is defined by 

,, ,. e P+(P^ + 8Tr)* 

the equation cos ^ = —it^t — . 

^ 2 AiW 
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If P > TF, then, cos ;j > 1, and the weight could not rest in 
the bowL 

(4) Three forces P, Qj iJ, acting on a particle, produce 
equilibrium : supposing the angle between P's direction and 
ii's to be |7r, and that between Q*s and Rs to be ^w, to com- 
pare the magnitudes of the forces. 

P, Q, i2, are to each other respectively as 2, J'i, 1. 

(5) A sphere rests upon two inclined planes: to find the 
pressure which it exerts upon each. 

Let TFbe the weight of the sphere; a, ^, the inclinations 
of the two planes, and -B, 8, the respective pressures exerted 
upon them. Then 

^ Fsin/8 ^ TTsina 



sin (a + y8) ' sin (ol-^-/^)' 

(6) A boat B experiences a force F from the stream, 
parallel, to the bank OA, and a *force W from the wind, 
at right angles to OA towards the opposite bank; to find 
the tension of the rope OB by which the boat is tied to a 
point in the bank OA, and to determine the inclination of 
OB to OA. 

The tension of the rope is equal to 

and the angle A OB is equal to 

tan~^ ' 



©• 



(7) A weight is supported on an inclined plane, the 
inclination of which to the horizon is 30^ first, by a power 
parallel to the plane, and, secondly, by a power parallel to 
the base: to compare the pressures on the plane in the 
two cases. 

The pressure in the former case is to that in the latter as 
3 to 4. 

W.M. 2 
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(8) One end of a string A OP is attached to a fixed 
point -4, and to the other end is fixed a weight P: a string 
£0y shorter than AB, is attached to a point B in the same 
horizontal line with -4, and is connected with the string AOP 
by a moveable loop 0, which is capable of sliding along 
AOP\ to find the inclination oi BO to the horizon, when 
there is equilibrium. 

IiAB=a,BO = b, and ^ ABO = <f>, 

cos<^ = 4^— ^- 

(9) The ends A, J?, of a string, the length of which is^c, 
are fixed: the inclination of AB to the horizon is a: a weight, 
moveable along the string, hangs in equilibrium: shew that, if 
AB = a, the weight divides the string into two parts equal to 

. f , . a sin a 



(c*-a*cos*a)^> 

(10) A string AH KB is attached to two fixed points 
A, B, in a horizontal line : from given points H, K, in 
the string are suspended equal weights P, P: to find the 
tensions of the several portions of the string, supposing Affy 
HK, KB, to be all equal. 

If AB = Cy and Z = the whole length of the string, the 
tension of HK is equal to 

P (3c •- 1) 

{4Z*-(3c-Q'}*' 

and that of AH or BK to 

2Pl 

{4Z^-(3c-Z)^}*«' 

(11) Two forces P and P, acting along the diagonals of 
a parallelogram, keep it at rest in such a position that two of 
its edges are horizontal: shew that 

P sec a' = P' sec a= TFcosec (a + a ), 

where W is the weight of the parallelogram, and a, a', are the 
angles at which its diagonals are inclined to the horizontal edges. 
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(12) A particle is placed at the centre of a circle and is 
acted on by three forces P, Q, 5, tending towards the angular 
points Ay By C, o{ Si circumscribed triangle: prove that, when 
there is equilibrium, 

Prk T> A B C 

: Q : ic :: cos-^- : cos^ : cos^ , 

where -4, By C, are the angles of the triangle, 

(13) A smooth circular ring is fixed in a horizontal 
position, and a small ring P, moveable along it, is in 
equilibrium when acted on by means of two strings in 
the direction of the chords PA, PB ; shew that, if PC be a 
diameter of the circle, the tensions of the strings are in 
the ratio of BC to AG, 

Sect. 3, Each force equal and opposite to the resultant of the 

other two. 

If three forces act at a point, it is sufficient and necessary 
for equilibrium, that any one of them be equal and opposite 
to the resultant of the other two. 

If P, Q, B, be the three forces, these conditions are 
equivalent to the equations 

P»==(2» + i? + 2Qi2coserS, 

e* = i?+P' + 2i2P cos ^Tp, 

i2« = P« + Q« + 2P(2cosPr$. 

(1) If three forces, represented in magnitude and 
direction by OA, OB, OCy act at a point 0, fig. (17), 
where is the point of intersection of lines drawn from 
the angles of a triangle ABG to bisect opposite sides, to 
prove that the forces will be in equilibrium. 

Let P, Q, Ry be the points of bisection of the sides: then 
the resultant of the forces OAy OBy is equal to a force 20R 
along OR, But, by a known property of triangles, the line 
0(7 is double the line ORi hence the forces OAy OB, are 
equivalent to CO, and therefore balance 0(7, 

2-2 
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(2) A force P, acting at an angle of 30® to an inclined 
plane, supports a weight W: supposing i2 to be the pressure 
on the plane, to prove that 

The reaction of the inclined plane against the weight 
is equal to ii, and the angle between this reaction and 
P's direction is equal to 60°: hence 

F' = P* + iJ» + 2PiJ cos 60<» 

(3) Two weights P and Q hang at the ends of a string 
which passes over two smooth pegs A and P; a weight W is 
suspended from a point i9 at a point of the string between 
the pegs : to find W in terms of P and Q in order that the 
angle A OB may be a right angle. 

The weight W is given by the relation 

F« = P»+(2l 

(4) Three forces act at the three angles of a triangle 
towards a point within the triangle and are proportional 
respectively to the distances of the point from the angles: 
give a geometrical construction for the position of the point 
in order that equilibrium may subsist. 



CHAPTEK III. 

RESULTANT OF ANT NUMBER OF FORCES ACTING AT 

A POINT. 

Sect. 1. Geometrical method. 

(1) D is the middle point of the side JBG of a triangle 
ABG, fig. (18) : three forces, represented by AB, AG, DA, 
act at the point Ay to find the magnitude and direction 
of their resultant. 

Complete the parallelogram ABEG and join AE: the 
intersection oi AE, BG, will coincide wfth the point D. 

The resultant of AB, A G, is AE: hence the three forces 
AB, AG, DA, are equivalent to the two forces AE, DA, and 
therefore their resultant is the force DE or AD. 

, (2) Three forces, represeuted in magaitude and direction 
by the lines AB, A G, BG, act at the point -4 of a triangle 
ABG J fig. (19): to draw the line which shall represent 
their resultant in magnitude and direction. 



'O 



Complete the parallelogram BADG, Then the two forces" 
AB, BG, are equivalent to the two AB, AD, and therefore 
to the force AG: thus the three forces AB, AG, BG, are 
equivalent to double the force AG. Produce AG to E, 
making GE equal to AG. Then AE represents the resultant 
of the three forces -4-B, AG, BG, in magnitude and direction. 

(3) A quadrilateral- ABGD, fig. (20), is acted on by 
forces, which are represented in magnitude and direction 
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by AB, AC, BB, DG, respectively: to prove that their 
resultant is represented in magnitude and direction by four 
times the distance between the middle points of AJD, BG. 

Let F, Gy be the middle points o{ BG, AD, respectively. 
Join AF, DF, FO. Then the forces AB/AG, are equivalent 
to 2AF', and the forces DB, DG, to 2DF. Again, the forces 
AF, DF, are equivalent .to 2 OF. Hence the forces AB, AG, 
DB, DG, are equivalent to 4 GF. 

(4) Three equal forces are represented in magnitude and 
direction by the lines drawn from the angles of a triangle to 
the centre of the circumscribing circle: to prove that the 
resultant is represented in magnitude and direction by the 
line joining that centre with the intersection of the three per- 
pendiculars drawn from the angles of the triangle to the sides 
respectively opposite. 

Let ABG, fig. (21), be the triangle, and the centre of 
the circumscribed circle. Produce GO to meet the circle at 
F and join BF. Complete the parallelogram BFOK. 

Then the force KG is equivalent to forces BO, KB, 
applied at 0, that is, to forces BO, OF, that is, to the tw9 
forces BO, GO. 

Let E be the intersection of the perpendiculars AP, BQ, 
CR, drawn from A, B, G, to BG, GA, AB, respectively. 

Then BE, FA, are parallel, for / FAG, being an angle in 
a semicircle, is a right angle, and therefore equal to ^. BQG. 
Also BF, EA, are parallel, since ^ FBG, being an angle in a 
semicircle, is a right angle, and therefore equal to i£ APG. 
Hence EA=BF^KO\ but EA, KG, are parallel: hence 
OAEK is a parallelogram: hence the forces AG, KO, are 
equivalent to the force EO, that is, the forces AO, BO, GO, 
are equivalent to the force EO. 

(5) AB, GD, are any two equal and parallel chords in a 
circle, and P is a point on the circumference, half way 
between A and B: prove that if forces, represented by 
the lines PA, PB, PG, PD, act at the point P, their resultant 
is constant. 
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(6) Forces are applied at one of the comers of a regular 
hexagon, acting towards the other corners, and are proportional 
in magnitude to the distances of those corners from the point 
of application : to find the ratio which the magnitude of the 
resultant bears to that of one of the forces acting along a side. 

The required ratio is that of 6 to 1. 

(7) If be any point in a triangle ABG, and D, E, F, 
be the middle points of the sides; the system of forces 
represented by OA, OB, 00, will be equivalent to those 
represented by OD, OE, OF. 

(8) A quadrilateral ABGD is acted on by forces repre- 
sented in magnitude and direction by AB, AD, OB, OD, 
respectively: prove that their resultant is represented in 
magnitude and direction by four times the line joining the 
middle points of the diagonals. 

Sect. 2. Trigonometrical method. 

(1) A force of two pounds and a force of three pounds 
act at a point, the direction of the former force being inclined 
at an angle of 60** and that of the latter at an angle of 45° to 
a given straight line passing through the point : to find the 
magnitude and direction of the resultant. 

Let R = the magnitude of the resultant and 6 = its incli- 
nation to the given straight line. Then 

B cos ^ = 2 cos 60' + 3 cos 45' = 1 + ^, 
and R sin(9 = 2 sin 60^ + 3 sin 45' = V3+ ^ 



V2' 
Hence, jB* = 13 + 3 ^2 (1 + V3), 

and tan = « — ^ . 

3 + V2 

(2) Three forces P, Q, R, acting at a point 0, are 
inclined at angles a, ^, 7, to a given line passing through : 
to find the magnitude and direction of the resultant of these 
forces. 
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If 5 = the inclination of the resultant to the given line, 

^ P sin a + O sin i9 + iJ sin 7 

tan a = ^^ -t^ ^ — ^^ , 

jt cos a + y cos p + it cos 7 

and the resultant is equal to the square root of 

P*-f e'+^ + 2QJ2cos(/3-7) + 2iJPcos(7-a) 

+ 2PQcos(a-/3). 

(3) Three forces, each equal to P, act at a point 0, in 
directions OA, OB, 00; the angle AOG being a right angle, 
and the line OB bisecting the angle A 00 : to find the mag- 
nitude of the resultant of the three forces. 

The resultant force is equal to 

P (1 + V2). 

(4) Three forces P, Q, R, act at a point : B acts op- 
positely to P, and Q at right angles to both : to find the 
magnitude and direction of the resultant force. 

The magnitude of the resultant force is equal to 
and its angle of inclination to P's direction is equal to 

(5) A particle is placed at the middle point of a fixed 
horizontal, equilateral, and triangular board, and is kept in 
equilibrium by three equal weights, which act by means of 
strings passing through the angular points. Supposing the 
particle to be moved through a certain space towards one of 
the angular points, and there fixed ; and that the resultant 
force exerted upon it by the strings is then equal to half of 
each of the weights, to find the inclinations of the strings to 
each other. 

Let ABC be the triangle and suppose the particle to be 
displaced towards A : then, being the new position of the 
particle, the angle A OB or A 00 will be equal to 



tan" 



cos 



•■(-!)■ 



CHAPTER IV. 

EQUILIBRIUM OF ANY NUMBER OF FORCES ACTING AT A 

POINT. 

Sect. 1. Geometrical Method. 

(1) At one extremity of the horizontal diameter of a 
circular wire, the plane of which is vertical, there is a centre 
of repulsive force, equal to that of gravity: to find the 
position of equilibrium of a minute ring through which the 
wire passes. 

Let P, fig. (22), be the position of equilibrium of the ring, 
A being the centre of force, and G the centre of the circle. 
Draw PQ vertically to intersect the horizontal diameter at Q, 

Now, since the ring is acted on by two equal forces, the 
repulsive force along APy and the force of gravity along QP, 
it is necessary to equilibrium that the reaction of the circle, 
which takes place along PC, bisect the angle between PA 
and PQ. 

Hence ^ PGQ=^ GAP+z APG 

= 2z APG=2zGPQ: 

but 2 z CPQ + 2 ^ PGQ=lSO': 

hence 3 z PGQ = 180^ 

and therefore ^PGQ = m\ 

which determines the position of equilibrium. 
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(2) Shew that within a quadrilateral, no two sides of 
which are parallel, there is but one point at which forces, 
acting towards the comers and proportional to the distances 
of the point from thejm, can be in equilibrium. 



Sect. 2. Components along two lines at right angles to 

each other, 

(1) A weight W is supported on an inclined plane by a 
certain force : the inclination of the force to the inclined 
plane is 30**, and the inclination of the plane to the horizon is 
30^ : to find the pressure on the inclined plane. 

Let AB, fig. (23), be the inclined plane; let iJ = the 
reaction of the plane against the weight, and P= the force. 

Then, resolving forces along and perpendicularly to the 
inclined plane, we have 

and R + ^P^WY (2). 

From (1) and (2), we see that 

W 
n/3 

The figure (24) exhibits the two groups into which by 
resolution we have decomposed the three forces P, W, B; 
the equations (1) and (2) expressing the conditions for the 
equilibrium of the two new groups, each regarded as inde- 
pendent of the other. 

(2) Ay By C, D, fig. (25), are four tacks forming the 
angles of a square, the lines AB and CD being horizontal : a 
fine string AEB hangs over the higher tacks, its lowest point 
E being at the centre of the square : another fine string 
PDEGP, to the ends of which are attached equal weights 
P, P, hangs over the former string and over the lower tacks: 
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to find the tension of the string AEB and the pressures on 
all the tacks. 

Let T be the tension of the string AEB. Then the point 
E is kept at rest by a force T along EAy a force T along EB, 
a force P along EG, and a force P along ED, that is, by one 
system of forces in the line AG, and another in the perpen- 
dicular line BD : hence T^P. 

Again, the pressure on either of the higher tacks is equal to 

2rcos^=2Pcosf , 

o o 

and, upon either of the lower, to 

2Pcos?^. 

O 

(S) One end of a string of given length is attached to 
the highest point 0, fig. (26), of a given sphere : a weight 
P, fixed to the other end of the string, rests on the sphere : 
to find the pressure of the weight on the sphere and the 
tension of the string. 

Let OB be the arc touched by the string, and G the 
centre of the sphere : let ^ BGO = a. Let R be the reaction 
of the sphere against the weight ; this reaction will take place 
in the direction GB, Let T be the tension of the string : T 
will act on the weight tangentially to the sphere. 

For the equilibrium of the weight we have, resolving forces 
tangentially and normally, 

r = Psina, 

and jB = Pcosa. 

Let c = the length of the string, and r = the radius of the 
sphere : then 

r=Psin-, 
r 

and 5=sPco8-. ^ 

r 
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(4) The ends of a fine cord of given length are fixed to 
two given points in the same horizontal line, and a smooth 
ring, through which the cord passes, supports a given weight: 
to find the tension of the cord. 

Let A, By fig. (27), be the two given points, ACB 
the cord in a position of rest : draw CH vertically to meet 
the horizontal line -4.5 at H, Let Tr=the given weight, 
and r= the tension of the cord. Let a AGH=^ 0, l BCH= <f>. 
Then, since the ring G is kept at rest by the tensions in 
the directions (7-4, uB, and the weight W, we have, resolving 
horizontally, 

rsin^ = Tsin<^ (1), 

and, resolving vertically, 

rcos6i+rcos<^ = Tr (2). 

From (1) we see that ^ = ^, and therefore, by (2), 

2Tco^e=W (3). 

Let 2c = the length of the cord, and let AB = 2a: then 
BG = c, BH = a, and therefore 

sin^ = -, cos^ssfl — jj ; 

and, consequently, by (3), 

2(c'*-a')*' 

(5) A man, fig. (28), whose head is perfectly smooth and 
spherical, wears a conical hat : to find the whole pressure on 
his head. 

Let W = the weight and 2a = the vertical angle of his hat, 
and let B = the reaction . of his head against his hat at any 
point of the circle of contact : this reaction will take place 
along the radius of his head at this point. Then B sin a will 
denote the vertical component of jB, and the sum of all such 
components must be equal to TF: hence 

t{Bsina)^W, 
W 
^ / sma 
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Hence the whole pressure on his head, which is equal to S (B), 
is equal to 

sin a ' 

Cor. If a be exceedingly small, and W finite, the pressure 
on his head will be enormous : thus a hat, although very 
light, would, if exceedingly tsill, crack his head. 

(6) A particle is placed on a square table at distances 
Cj, Cj, Cg, C4, from the comers, and to the particle are attached 
fine strings passing over smooth pullies at the comers and 
supporting weights P^, Pj, P3, P4 ; to prove that, if there 
be equilibrium, 

±_i ±\ £_2 __ ±_* 

Let 0, fig. (29), be the position of the particle ; C the 
centre of the square A^A^^A^ : draw CM^ OM, parallel to 
A^A^y A^A^, to intersect at M : let CM = Xy 0M=7/. Let 

OA^ = c^, OA^ = c^, OA^ = c^, OA^=c^, 

and let 2a represent the length of a side of the square. 

For the equilibrium of the particle, we have, resolving 
forces parallel and perpendicularly to CMy 

p a—x p g — a? _ p a +a; p o + a? 



and P,.?^y + P,.^:^ = P,.^±^ + i>.A+2'. 
These equations may be written in the form 

whence, by addition and subtraction, 
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and (a;-«)f^ + ^« + ^ + ^*) = 2af-«--'); 



1 



1 -^ 8 



and therefore — ^= '. j fe # 



Now from the geometry it is plain that 

c,««(a-a:)»+(a-2/)^ 

c/ = (a + ^)«+(a-y)^: 
hence c^' — c;,' = — 4a (a? + y), 

and Cj* — c/ = — 4a (aj — y), 

and therefore ^ = -*= ^^ , 

Hence, finally, 

P P P P 

^1 "" ^8 ^8 — ^4 

(7) A weight IF is supported on an inclined plane AB, 

W 
fig. (30), by two forces, each equal to — , one of which acts 

WW 

parallel to the base AGi to determine the conditions of equi- 
librium, • 

Let a be the inclination of the plane, R the reaction, and 
6 the inclination of the force, the direction of which is not 
assigned, to the plane. 

Resolving forces parallel to AB^ we have 

W W 

— cos ^ H cos a « Tf sin a, 

n n 

or cos d + cos a « 71 sin a , (1). 
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Kesolving forces at right angles to AB^ we have 

W W 

ij H — sin ^ = TTcos a-\ — sin a, 

n n 



or 



n.wUa^'^-^ p). 



From (1) we see that 

1 — 2sin'^ + 2cos'^ — l = 2wsin^ cos^, 

BUT ^ = cos' ^ — 71 Sin ^ COS ^ 



,a/l 
= ncos'^ 

2 V 



l-^^t> (3)- 



This result shews that the equilibrium is impossible if a be 

greater than 2tan"^-, If a be less than 2 tan"^-, the 

n n 

equation (3) gives us two equal values of 6 with opposite 
signs : thus the force, of which the direction is not given, may- 
act as indicated in the diagram or at an equal inclination 
below the inclined plane. 

Again, the equations (1) and (2) may be_ written in the 
forms 

cos ^ = n sin a — cos a, 

sm ^ = n cos a + sm a — ^r • 

W 

squaring these two equations and then adding, we get 

, , . - n^R^ 2nR, . . 

l = /i' + l +-Tp5 |f^ (n COS a -h sin a), 

2 

whence JS' — TT. -B . (n cos a + sin a) = — W\ 

and therefore 

„ T^/ , sina\ , ^,f/ , sinay \i 
ic = Tr(cosa+— — l+lr-^lcosaH 1 — l^ , 
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which determines the magnitude of the reaction of the inclined 
plane against the weight W. 

The values of B here given wiU be both possible and 
positive if cos a H be greater than 1, that is, if 

sin a > 71 (1 — cos a), 

or tan 5 < - , or a < 2 tan"^ - . 
In n 

The sign + or — must be adopted in the expression for J2 
according as the sign — or + is assigned to 6. 

(8) Prove that the forces ^TJ% 4.P, 5P, 7P, 2P, acting 
in one plane at a point, .the directions of the last four making 
angles of 45^ 135^ 225^ 315^ respectively with that of the 
first, will produce equilibrium. 

(9) A weight of 10 pounds is placed on an inclined plane, 
the angle of which is 30^ ; to find the magnitude of a 
horizontal force which would sustain the weight 

The required force is equal to —r- pounds. 

(10) Two forces P, Q, acting respectively parallel to the 
base and length of an inclined plane, would each of them 
singly support upon it a particle of weight W\ prove that 



(P«-Q«)*' 

(11) A weight W is supported on an inclined plane AB, 
fig. (31), by three forces, each equal to P, one acting vertically 
upwards, another parallel to the horizontal line AG, and the 
third along AB : to find the inclination of the plane. 

The required inclination is equal to 

2 '-^-' ( w^) • 
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(12) If P be the force which, acting along an inclined 
plane, would support a weight W, R being the pressure on 
the plane; prove that, P' being the force which, acting 
horizontally, would support the same weight, 

F: B :: r : W. 

(13) A power P supports a weight TT on a plane, the 
inclination of which is a ; prove that, if the pressure on the 
plane be equal to P, the angle which the direction of the 
power makes with the plane is equal to 

2 (^ - 4a). 

(14) Two heavy particles, P and Q, are connected together 
by a fine thread passing over a smooth puUy at (7: P rests on 
a smooth inclined plane AB, and Q hangs freely: prove that, 
a denoting the inclination of the plane to the horizon, B the 
pressure, and the angle CPB, 

cos^=^^^, i? = Pcosa-((2«-P»sin'a)*. 

(15) A weight W is supported on an inclined plane by a 
certain force acting at an angle eto the plane, the inclination 
of the plane being a : the same weight would be kept at rest 
on the same plane by the same force acting at an angle 
^ — e: prove that in each case the pressure on the plane is 
equal to 

TF(cos a — sin a). 

(16) A weight of 6 lbs. is placed on an inclined plane, 
the height of which is 3 feet and base 4 feet, and is attached 
by a string to an equal weight hanging over the top of 
the plane: find how much must be added to the weight 
on the plane, in order that there may be equilibrium, and 
determine the pressure on the plane. 

The amount which must be added is 4 lbs., and the 
pressure on the plane is 8 lbs. 

(17) If two planes have the same height, and if two 
weights balance on them by means of a string which passes 

w.M. 3 
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over the common vertex, prove that the weights will be to 
one another as the lengths of the planes. 

(18) Two weights of 3 pounds and 5 pounds rest on a 
double-inclined plane, being connected together by a fine 
string which passes Over the common summit of the two 
planes : supposing the inclination of the plane, on which the 
former weight rests, to be 30**, find the inclination of the other 
plane. 



The required inclination is equal to 

sin 



-(ro)- 



(19) Two equal weights P, P, attached to the ends of a 
string, which passes over two pegs -4, P, fig. (32), in a 
horizontal line, support a weight W suspended at the end of 
a string the higher end ,0 of which is fixed to a point in the 
former string: find the magnitude of the angle AOB, when 
there is equUibrium, and ascertain whether it is possible for 
to lie in the line AB. 

W 

If / AOB = 20, then cos 6 = ^-p, a result which shews that, 

* unless P be infinite, must lie below. the line AB, 

(20) A weight W, fig. (33), is supported by a string DW, 
the upper end of which is looped to a string ABDCA, which 
hangs over three tacks A, B, C7, fixed at the angles of 
an equilateral triangle, B and G being in a horizontal line : 
find the pressure on the tacks, the portion BDG of the string 
being supposed to be equal to the portion BAG. 

The pressure on A is equal to W, and that on P or (7 
. W 

(21) A string, the length of which is c, passes over four 
tacks at the angles of a square ABGB, fig. (34), of which two 
sides are horizontal, the length of each side being a : a weight 
W is suspended by a string hanging from the former one by a 
loop at E: find the tension of the former string. 



i 
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The required tension is equal to 

iF(c-3a) 



(22) A string, the extremities of which are fastened to 
the ends of a uniform bar of known weight, passes over four 
tacks so as to form with the bar a regular hexagon, the bar 
being horizontal: find the vertical component of the pressure 
upon either of the two highest tacks. 

The required vertical component is equal to half the 
weight of the bar. 

Sect. 3. Components along any two lines not parallel, 

(1) To prove that three equal forces, represented by OA, 
OB, OC, fig. (35), which act at a point 0, may be balanced by 
a single force LO, L being the point of intersection of the 
perpendiculars from the angles of the triangle ABC on the 
opposite sides. 

The sum of the components of the three equal forces OA, 
OB, OGy parallel to BC, is represented by the projection of 
OA upon BG: but this projection is equal to that of Oi,and 
therefore the sum of the components of OA, OB, 0(7, parallel 
to BC is equal and opposite to the component of ZO parallel 
to this same line. 

The analogous proposition is true in regard to either CA 
or AB. 

. Hence the four forces OA, OB, OC, LO, will be in equi- 
librium. 

Cor. The resultant of the three equal forces OA, OB, 
OC, is represented in magnitude and direction by OL. 

Sect. 4. Friction, 

(1) If the roughness of a plane, which is inclined to the 
horizon at a known angle, be such that a body would just 
rest on it, to find the least force along the plane requisite to 
drag the body up. 

3—2 
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Let a be the inclination of the plane, W the weight of 
the body, B the reaction of the plane, P the required force, 
fi the coefficient of friction. Then, resolving forces along and 
perpendicularly to the plane, we have 

P = /t5+Trsina, 
and ^=Trcosflt, 

and therefore P = (/a cos a + sin a) W. 

But, since the body would just rest on the plane without 
support, fi = tan a : hence 

P = 2F8ina. 

(2) A body is supported on a rough inclined plane by a 
force acting along the plane: supposing the greatest magni- 
tude of the force to be double the least magnitude, to 
determine the inclination of the plane to the horizon. 

Let W be the weight of the body, R the reaction of the 
plane; Pthe least magnitude of the force, and accordingly 2P 
the greatest. Let fi represent the coefficient of friction and 
a the inclination of the plane. The forces producing equi- 
librium in the two cases are exhibited in the figures (36) 
and (37). 

For equilibrium, in the first case, we have, resolving 
forces parallel and perpendicularly to the plane, 

F-^-fiR^ TTsina, 

and -R=Trcosa; 

whence P + fiWco&a = TTsina (1). 

The corresponding equation in relation to the second 
figure, replacing P by 2P and /i by — /i, is 

2P-/tTrcosa= TTsina (2). 

Eliminating P between (1) and (2), we have 

SmTTcos a = TTsin a, 

and therefore tan a = Sfi, 

or a=tan~*(3)it). 
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(3) A body is kept at rest on an incliiLed plane by 
a certain force: to pr^ve that the reaction of the plane, when 
it is smooth, is an harmonic mean between the greatest and 
least normal reactions, when it is rough. 

Let W be the weight of the body, P the supporting force, 
jB the normal reaction, XR the frictional reaction estimated 
up the plane; also let a be the inclination of the plane, and € 
the inclination of P to the plane. 

Then, resolying along and at right angles to the plane, we 
have 

P cos € -f \B = W sin a, 
and Psine+ J2=Trcosa. 

Eliminating P between these equations, we have 
R (cos 6 — X sin e) = TTcos (a + e), 

1 _ cos e — X sin 6 

R " W cos (a -f e) ' 

Hence, fi being the coefficient of friction, and iJ', P", the 
values of R when X is equal + fj,, -- fi, respectively, which are 
the extreme limits of the value of X, 

1 __ cos € — fjL sin e 1 _ cos € + fi sin e 
P" "■ F cos"(a~+^ ' P^^lrcos(a+e)' 

and therefore 

11 2 cos € 



P' ' P" Fcos(a + e) 

■"P ' 
P^ being the reaction when the plane is smooth. 

(4) P is the lowest point on the rough circumference of 
a circle, in a vertical plane, at which a particle P can rest, 
the coefficient of friction being unity: determine the inclina- 
tion of the radius terminating at P, to the horizon. 

» 

The required inclination = j . 
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(5) A given horizontal fwoe P just sapports a weight W 
on a rough plane inclined to the horizon at an angle 0: the 
same weight would just rest without support on a plane of 
the same material, when the inclination is a: determine d. 

The angle is given hy the equation 

^ a P+TTtana 
*^^=Tr-Ptana- 

(6) A weight is to he conveyed to the top of a rough 
plane, inclined to the horizon at an angle a: prove that, if 
the coefficient of friction be greater than 

sec a — tan a, 

it will be easier to lift the weight than to drag it up by means 
of a cord along the plane. 

(7) If the ratio of the greatest to the least force, acting 
parallel to a given rough inclined plane, which would support 
a certain weight on the plane, be equal to the ratio of the 
weight to the normal pressure on the plane, determine the 
coefficient of friction. 

If a 'be the inclination of the plane to the horizon, the 
coefficient of friction is equal to 

tan a . tan' ^ . 

(8) A body is just supported on a rough inclined plane by si 
force acting along it: find the angle between this plane and a 
smooth plane, on which the body may be supported by the 
same force acting at the same angle to the horizon as before. 

If /Lt denote the coefficient of friction, the required angle is 
equal to tan"^ (/i). 

(9) A particle, the weight of which is W, rests upon a 
TOUgh horizontal table, and is acted upon by two horizontal 
forces mW and nW, the directions of which are at right angles 
to each other; find the least value of the coefficient of friction 
consistent with the equilibrium of the particle. 

The least value of the coefficient of friction is equal to 
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« 

(10) If P just supports TT on a rough inclined plane, 
and the plane is depressed through an angle the tangent 
of which is equal to the coefficient of friction : prove that, if 
friction suddenly ceases, there will still be equilibrium, P's 
direction remaining unaltered. 

(11) If the roughness of an inclined plane, the inclina- 
tion of which is given, be such that a particle would just rest 
upoa it without any support, find the least horizontal force 
which could draw the particle up the plane. Is the problem 
always possible? 

Let W be the weight of the particle, and a the inclination 
of the plane: the problem is possible only when a is less than 

J, and in that case the required force is equal to Wtan 2a. 

(12) A rough right-angled triangle stands on its hy- 
potenuse, and equal particles, connected by a fine string 
passing round a small smooth pully at the vertex, so rest on 
the sides that one is but just supported: after the string 
is cut, the other is but just supported: find the angles at the 
hypotenuse. 

3 1 

The angles at the hypotenuse are ^tt and ^tt. 

(13) Two weights TT, W, of diflferent materials, con^ 
nected by a fine string which passes over a smooth peg, 
are placed on a rough inclined plane passing through the peg, 
the inclination of the plane being a: the two parts of the 
string are respectively perpendicular and inclined at an 
angle ^ to the intersection of the inclined plane with a 
horizontal plane: the weights are in equilibrium, the former 
being only just supported: prove that, fi, fi, being the 
respective coefficients of friction between the weights and the 
inclined plane, 

W^ (tana -/i)'- 2FTF' tan a sin /3 (tan a - /a) 

+ F'"(tan»a-/i*'*) = 0. 



CHAPTER V. 



EQUILIBRIUM OF A BODY MOVEABLE ABOUT A FIXED AXIS. 

If two forces act upon an imponderable lever, and produce 
equilibrium, their resultant must pass through the fulcrum, 
and, conversely, if their resultant passes through the fulcrum, 
there will be equilibrium. 

The above condition of equilibrium may be replaced by 
the following one : viz. that the moments of the forces about 
the fulcrum shall be equal and opposite. 

If more than two forces act on the lever and produce 
equilibrium, the resultant of all the forces must pass through 
the fulcrum, and, conversely, if their resultant passes through 
the fulcrum, there will be equilibrium. 

The above condition may be replaced by the following 
one: viz. that the sum of the moments of all the forces which 
tend to twist the lever in one direction about the fulcrum 
shall be equal to the sum of the moments of all the forces 
which tend to twist the lever about the fulcrum in the 
opposite direction* 

Sect. 1. Body acted on hy two forces. 

(1) If AB, fig. (38), be a rigid imponderable rod, mdve- 
able about J., and be in equilibrium under the action of any 
two forces represented by BF, BG; to shew that, if FB be 
produced to a point D such that BD = BF, and C, D 
be joined, CD is parallel to BA, 
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The resultant of the two forces BF^ BG, that is, of DB, 
BCy will be a force, equal and parallel to DG, acting at the 
point B. Now a single force acting at B cannot keep AB at 
rest about the fulcrum A unless its direction coincides with 
AB: the line DG must therefore be parallel to AB. 

(2) A shopkeeper has in his shop correct weights but a 
false balance, that is, one having one arm longer than the 
other : supposing that he serves out to each of two customers 
articles weighing, as indicated by his balance, W pounds, using 
for the commodities first one scale and then the other, to find 
whether he gains or loses by the peculiarity of bis balance. 

Let a, b, be the lengths of the arms of the balance, and 
let P, Q, be the actual weights of the two commodities, placed 
at the ends of the former aud latter arm respectively. 

Then Pa = Wb, 

and Qb ^ Wa. 

Hence, P + Q-2Tr= Tf(^ + |-2) 

{a -by 



F. 



ab 



The shopkeeper therefore loses by his sale to the two 
customers a weight of substance equal to 



W. 



ab 



(3) A uniform bent rod ABG, fig. (39), moveable about 
its lower end -4, which is fixed, is in equilibrium : to find the 
inclination of AB to the horizon, ABG being a right angle. 

Let AB = 2a, jB(7 =* 25 ; then the weights of AB, BG, may 
be represented by Xa, Xb, respectively. Let i BAX= 0, AX 
being a horizontal line. 

Conceive a beetle to crawl from A to the middle point of 
AB : it will have arrived at the centre of gravity of AB, 
having travelled horizontally leftwards through a space a cos 0: 
thus the moment of AB about A will be \a . a cos 0. Again, 
conceive a beetle to crawl along the rod from A to the middle 
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point of BGy that is, to the centre of gravity of BC : in going 
from -4 to 5 it will have travelled horizontally leftwards 
through a space 2a cos 0, and, in going from B to the 
middle point of BC, it will have travelled horizontally right- 
wards through a space 6 sin ^ : thus altogether the beetle 
will have travelled horizontally leftwards through a space 
2a cos ^ — 6 sin 0, and accordingly the moment of £(Ts weight 
about A is equal to 

XJ (2a cos ^ — 6 sin 0), 

Thus, for the equilibrium of the rod we have, taking mo- 
ments about A, 

Xa . a COS ^ + \6 (2a cos ^ — 6 sin 0) = 0, 

a' + 2ah 



and therefore tan = 



V 



(4) Two forces P and Q act at the ends A and 5, respec- 
tively, of a weightless straight lever AB : to find the position 
of the fulcrum in order that equilibrium may be maintained, 
the inclinations of P's and Q*s directions to AB being a and )8 
■ respectively. 

Let AB = c ; and let ar, y, be the distances of the fulcrum 
from Ay By respectively. Then, taking nloments about the 
fulcrum, we get 

P. a; . sin a = Q • y • sin )8 : 

but x-\-y = c: 

hence a; (P sin a + Q Sin ^) = Qc sin ^, 

and therefore as = ^ . ^ ■—-. — -^ ; 

Psma + V sm/S 

J . ., 1 Pc sin a 

and similarly y 



Psina + Q sin/8' 



(5) A rod AB, fig. (40), moveable about a smooth hinge 
at Ay is attached, by means of a fine string passing over a 
fixed puUy (7, to a weight P: to find the position of the rod 
when in equilibrium. 



I 
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Let the horizontal line through A be intersected by CP 
at D and by GB, produced, at E, Let W= the weight of AB, 
AB=^2a, AD^h, CD = k, aBAE=0, zAEB^^cf}. 

Taking moments about A, for the equilibrium of AB, we 
have 

P. 2a sin ABG=Wa cos MS, 

and therefore 2Psin (^ + <^) = Fcos^ (1). 

Again, from the geometry it is plain that Us distance from BG 
is equal to either Arcos^, or to Asin0 + 2asin (^ + ^) : 
hence 

k cos (f>=^h sin <^ + 2a sin {0 + <f>) .*♦ (2). 

The equations (1) and (2) determine the magnitudes of 
the angles d and 0, and thus define the position of AB, 

(6) A uniform rod GD,&g. (41), moveable about a smooth 
hinge G, presses against a given inclined plane AB: to 
find the inclination of GD to the horizon in order that the 
pressure exerted by it on the plane may be equal to half its 
own weight. 

Let jR be the reaction of the plane against the rod, and W 
the weight of the rod. Let a = the inclination of the plane 
and of the rod to the horizon. 

Then for the equilibrium of the rod, taking moments about 
G, we have 

^,(72)cos(a-5)= W,GG cos 0: 

but, the rod being uniform, GO = ^GD, and, by the hypothesis, 

hence cos {a — $)= cos 0, 

a -0=^0, 

= hoi. 

(7) When a boy of weight B ascends to a point 6 of a 
ladder AB, fig. (42), the lower end of which is fixed while the 
higher rests against a smooth vertical wall GD, its pressure 
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against the wall is the same as when a man of weight M 
ascends to a point m : to prove that 

B : M ;: Am : Ab. 

Let G be the centre of gravity of the ladder and W its 
weight : let R denote the reaction of the wall against the 
ladder, in both cases. Let zBAC^^ol 

Then, when the boy is on the ladder, 

B. BC :^ W. AG. cosa + B.Ab. cos a: 
and, when the man is on the ladder, 

R,BC= W . AG . cos a + M . Am .cos a: 
from these two equations it is evident that 

B .Ah^M . Am, 
or that B ; M :\ Am : Ah. 

(8) Two weights P and Q are suspended from the 
extremities of a lever without weight in the form of the arc of 
a circle, which rests with its convexity downwards upon a 
horizontal plane : to determine its position of equilibrium. 

Let AEBy fig. (43), be the arc, resting at the point E on 
a horizontal plane. Let C be the centre of the whole circle : 
join GA, CB, and draw the radius CD to bisect the angle 
ACB. Join CE. Let ^ ^Ci) = «= 4 BCD, and 4 EGD = 0. 

Taking moments about E, as a fulcrum, we have, for the 
equilibrium of the lever, 

P. AG sm(a ^S) = Q.BG. sin {a+ 6), 

and therefore 

P (tan a — tan ^) ■= Q (tan a + tan 0), 

^ P-Q 

tan = — — ^ . tan a. 

This equation determines the value of 0, and therefore 
defines the position of equilibrium. 
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(9) A uniform rod, of weight TTand length 9 inches, rests 
on a fulcrum placed at the distance of 3 inches from one of its 
ends : find what weight must be suspended from that end to 
balance the longer arm. 

The required weight is «qual to ^ W. 

(10) A power P,. acting vertically downwards at one end 
of a straight lever, three feet from the fulcrum, balances a 
weight 3jP placed at the other end : find the length of the 
lever, neglecting its weight. 

The length of the lever is 4 feet. 

(11) ABG is a straight rod, B being its middle point : 
if J.J5 be of uniform density, and BO be without weight, 
what weight must be hung at C to keep the rod at rest about 
£ as a fulcrum ? 

The required weight must be equal to half that of the 
rod. 

(12) It is observed that a b€iam AB, the length of which 
is 12 feet, will balance at a point 2 feet from the end A ; 
but, when a weight of 100 lbs. is hung from the end B, it 
balances at a point 2 feet from that end : find the weight of 
the beam. 

The required weight is 25 lbs. 

(13) A and B are two fixed pegs in a horizontal line, 
4 inches apart: a straight weightless rod rests in contact 
with the pegs, under the former and over the latter: a 
weight of 10 lbs. hangs from the rod at a point C, the distances 
of which from A and B are respectively 9 and 5 inches : find 
the pressures on the pegs. 

The pressures on the pegs A, B, are respectively 12 lbs. 
8 oz., and 22 lbs. 8 oz. . 

(14) The arms of a weightless balance are unequal, and 
a substance, placed successively in each scale, appears to 
weigh P and Q pounds ; prove that the lengths of the arms 

are as P* : Q* 

(15) If weights Pand ft P being the greater, balance 
on a weightless lever ACB about a fulcrum at 0, and the 



46 EQUILIBRIUM OF A BODY 

weights be interchanged so that Q acts at A and P at ^; 
shew that the additional weight required at A to maintain 
equilibrium will be equal to 

Q • 

(16) It is found that a body weigts P, when suspended 
at the end -4 of a false balance AB without weight, and Q, 
wfien suspended at B : prove that the fulqrum ought to be 
shifted towards A through ^ space equal to 

P^-Q^ AB 
pi^Qi' 2 • 

(17) The lever of a false balance is 3 feet long, and, if a 
certain body is placed in one scale, it weighs 4 lbs., and, in 
the other, weighs 6 lbs. 4 oz. : find the true weight of the body 
and the lengths of the arms of the balance. 

The true weight of the body ig 5 lbs., and the lengths of 
the arms are 1 ft. 4 in. and 1 ft. 8 in, 

(18) The arms of a balance are unequal, and one of the 
scales is loaded; a body, the true weight of which is P 
pounds, appears, when placed in the loaded scale, to weigh W 
pounds, and, when placed in the other scale, to weigh W 
pounds : find the ratio of the arms and the weight with 
which the scale is loaded, 

TT— P 

The ratio of the arms is equal to p^ • aiid the weight 

required is equal to 

P'-Tf TT^ 

(19) One of the arms of a false balance is 10 inches and 
the other 9^ inches in length : by always putting the weight 
into the scale with the shorter arm, how much does the shop- 
keeper gain in every cwt. ? 

He gains one-twentieth of a hundredweight. 
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(20) An isosceles triangle ACB, the base AB of which 
is horizontal, rests on its vertex 0, weights P, Q, being 
suspended from A and the middle point of S (7, respectively : 
find the ratio of P to Q. 

P: Q:;l :2. 

(21) A uniform lever, the arms AG and PG o{ which 
are at right angles, is in a position of equilibrium : find the 
angle which A G makes with the horizon. 

If A G= a, BG= 6, the reqi:|ired angle is equal to 



tan 



^{ti- 



(22) ABG is a uniform bent rod, the two parts AB,BG, 
being perpendicular to each other : supposing the rod to rest 
upon ^ as a fulcrum, when the inclination of AB to the 
horizon is tan"^ 8, prove that 

AB^2BG, 

• 

(23) A triangular lamina ABG, the weight of which is 
W, is suspended at the point G : find the weight which must 
be attached to B, in order that the vertical through G, when 
the lamina is in a position of rest, shall bisect the angle 
AGB. 

If P(7=a, and -4(7=6, the required weight is equal to 

W h-a 
3 • a 

(24) Equal weights hang from the ends of a weightless 
lever, bent at right angles, one arm of which is double the 
other : if the distance of the fulcrum from the direction of 
either weight be one inch, find the lengths of the arms. 

The lengths of the arms in inches are \J^ and ^/5. 

(25) One end of a uniform beam is placed on the ground 
against a fixed obstacle, and to the other is attached a string, 
which runs in a horizontal direction to a fixed point vertically 
above the obstacle, and, passing freely over it, supports a 
weight W at its extremity, the beam being thus held at rest 
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at an inclination of 45° to the horizon : prove that, if the 
string were attached to the centre instead of the end of the 
beam, and passed over the same fixed point, a weight, at the 

end of the string, equal to TFls/2, would keep the beam at 
rest in the same position. 

(26) If m lbs. at one extremity of a log balance it upon a 
prop, n lbs. at the same extremity, when the prop is removed 
p feet, and ribs., when it is removed q feet, further from that 
end ; find the weight of the log. 

The required weight is eqiaal to 

np rq 

m—n m—r 



V 



m-^r m^n 



Sect. 2. Body cwted on hy any number of forces. 

(1) AB, fig. (44), is a straight rod moveable about its 
lower end A : CD and EF are two other rods of the same 
thickness as AB, fixed to AB at right angles : to find at what 
point of AB a given horizontal force must act, so as to keep 
AB at rest in a vertical position. 

Let '(7D = 2J, EF=2c, a; = the distance of the required 
point from A. Let P, Q, denote the weights of CD, EF, 
respectively, and let R denote the given force. 

Then, taking moments about A, we see that 

R.x+Q.iEF^P,iGD. 

Let 2h represent the length of a rod, of the same thick- 
ness as ABj tne weight of which shall be equal to It : then 

6^-c' 



a; = 



h 



(2) To investigate the inclination of AB to the horizon 
in the preceding question in order that the system of rods 
may remain at rest without the aid of any subsidiary force. 

Let be the inclination of AB, fig. (45), to the horizon. 
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Let ^5 = 2a, AG = h AE^l, TF=the weight of AB, 
the rest of the notation being the same as in the preceding 
question. Then, taking moments about Ay we have 

Tf . a cos d + P {h cos ^ -6 sin ^) + Q (Z cos ^ + c sin ^) = 0, 

and therefore 

Wa^Pk-^ Ql 



tan 0^ 



Pb-Qc 

a' + bk + cl 



c' 



(3) Supposing the system of rods, described in the two 
precediDg questions, to rest with the end D of CD in contact 
with a fixed horizontal plane through A, fig. (46) ; to find the 
pressure on this plane. 

Let S denote the mutual action of the horizontal plane 
and the rod CD ; and let z BAD = a; then, for the equilibrium 
of the' system of rods, we have, taking moments about A and 
retaining the notation of the two preceding questions, 

S.AD=-W. ^AB . cos a + P . (AC. cosa + ^CD. sin a) 

+ ^.(-dL^.cosa-J^i^.sina), 

and therefore, multiplying both sides by AD, 

S. i^b' + k') = Wak + P{k' + 2b') + Q {hl--%c\ 

or, if 2y denote the length of a rod, the thickness of which is 
the same as that of any one of the rods and the weight equal 
to^, 

_ a%-\-b (26' + Jk^) +c (H- 26c) 
y^ 46» + &» 

(4) A hornet, a toad, a mouse, and a nightingale, rest at 
the four angles of a rectangular board, the plane of which is 
vertical, and which is supported at its central point: to find 
its position of equilibrium. 

Let the weights of these creatures be represented by -S", T, 
Mj JV", respectively, and let them rest at the angles H, T, M, N, 
fig. (47), of the rectangle. Let be the intersection of the 

w. M. 4 
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diagonals HM, TN, of the rectangle. Let Ox be an indefinite 
horizontal line through 0. 

Let ^ HON^ Of, z HOx = 9. 

Taking moments about for the equilibrium of the 
system, we get 

H. OH C0& + N. ON cos (a ~^) 

= Jf . OJIf cos ^ + r. OTcos (a - 6), 

and therefore 

(iV-T) .-cos (a- 5) = (itf - S') . cos 0, 

M'-H 



cos a + sin a . tan 6 = 



jvr-r' 



tatt a = -TTf — Tfi . cosec a — cot a. 

(5) A uniform rod of length I is cut into three portions 
a, &, c, and these are formed into a triangle: when the 
triangle is placed in a position of equilibrium, one of its 
angular points being supported upon a smooth horizontal 
plane, to find the angle which the uppermost side makes 
with the horizon ; and to shew that, if a, yS, 7, be the three 
angles corresponding to the several cases when a, b, c, are the 
uppermost sides, then 

(2^ + a)tana+(Z + &) tan)8+ (Z + c) tan7= 0. 

Let A, B, G, fig. (48), be the triangle. It may be re- 
garded as a lever moveable about a fulcrum at A, and acted 
on by weights, through the middle points of BC, CA, AB^ 
represented respectively by a, 6, c. The weight acting through 
the middle point of BU may be replaced by two equal forces, 
each denoted by ^a, acting vertically at B, 0. Hence, 
equating moments about -4, we have 

c . ^c cos {B±a) •\-^a,c cos (jB + a) 

= 6 . ^ cos ( (7 — a) + ^a . 6 cos ( — a), 

and therefore 

tan a {(6* + ab) sin (7 + (c* + ac) sin B] 

= (c* + ac) cos 5 — (6^ + ah) cos G: 

but J sin (7 = c sin. JB : 
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hence, dividing every term of the equation by 6 sin (7 ' or 
c sin B, accordingly as the term involves C or B, and putting 
Z for a + 6 + c, wo see that 

(i + a)tana = ;;^ — ^-t — >., 
^ ' tamB tan C 

an equation which determines the value of a. Similarly we 
should get 

(i + 6)tan^= 7 — ^-- ^ , 

^ ' tan tan A 

n , \ . b + c c + a 

(Z + c)tan7 = - -. 5. 

^ ' ' tan J. tan 5 

Adding together these equations, we obtain 

{I + a) tan a+ {I + b) tan fi + {l+e) tan7 « 0. 

(6) Weights of 1 pound and 4 pounds are suspended 
from the ends of a straight lever without weight, the fulcrum 
and a point, at which another weight is suspended, dividing 
the lever into three equal parts : find the magnitude of the 
third weight, in order that the lever may be in equilibrium. 

The required weight is equal to 2 pounds. 

(7) A uniform rod, 2 feet long^ weighing 2 pounds, is 
moveable about a fulcrum 4 inches distant from one extremity; 
and from the end nearest to the fulcrum a weight of 16 
pounds is suspended : find where a weight of 6 pounds must 
be suspended in order to produce equilibrium. 

The weight must be suspended from the middle point of 
the lever. 

(8) A power P acts vertically downwards at one end of 
a uniform straight lever, three feet from the fulcrum, the 
length of the lever being four feet and its weight JP : what 
weight will the power balance at the other end of the lever? 

7 
The required weight = 5 -P- 

(9) If weights P and Q, P being the greater, balance at 
the ends A, B, of a uniform horizontal rod ACB about a 

4—2 
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fukrum at (7, and the weights be interchanged so that Q acts 
at A and F a,t B; shew that the additional weight required 
at A to maintain equilibrium will be equal to 

(10) Find the position of equilibrium of a uniform rod 
BAOA'B, fig. (49), bent at right angles at A, 0; A\ and 
moveable about a fixed point at 0. 

I{OA = 2a, AB = 26; OA' = 2a', A'B" = 26', then, 5 being 
the inclination of OA to the horizon, 

,,^p_ ^'+2a6-6^ 
tant/-^„^2a'fe'-6^- 

(11) Three UDiform rods ^5^ 5(7, CD, rigidly connected 
together so as to form three sides of a square, rest upon a 
fulcrum at A : find the inclination of AB to the horizon. 

If 5 = the inclination of AB to the horizon, 

4 

tan ^ = o • 

(12) A uniform rod, of weight W, moveable about a 
hinge at its lower end, presses at its upper end against a 
smooth wall, thtee weights, each equal to P, being suspended 
from points -dividing the' rod into four equal parts : find the 
pressure of the rod on the wall, the inclination of the rod to 
the horizon being a. 

The required pressure is equal to 

(13) AB, CD, DE, fig. (50), are three equal uniform 
rods, rigidly connected together at right angles, B being the 
middle point of CD : u4 is a smooth hinge : determine the 
position of equilibrium of the system. 

The inclination of ^J5 to the horizontal line -4-F must be 
equal to tan"^ (6). 



• V 
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(14) A toasting-fork with three prongs PH, QK, RL, 
fig. (51), all in a vertical plane, balances about a point C, the 
axis AQ oi the fork being horizontal: find the position of the 
point C, the thickness of the fork and prongs being uniform. 

Let AQ = a, PR = h, and let the length of each prong be 
c : then 

AC ^ ^ ^^^ "^ ^^ "^ ^^' 

(15) Find the position of equilibrium of the toastine- 
fork, when it is suspended from the end H of the prong PH, 

If be the inclination of J. Q to the horizon, 

^^''^"" ab + b' + Sbc ' 

(16) Supposing the fork to rest at A and iZ on a smooth 
horizontal plane, find the pressure at the point JB, the plane 
of the three prongs being vertical 

If TT^ the weight of A Q, the required pressure is equal to 

(17) Find the position of equilibrium of the toasting- 
fork, supposing one of the outside prongs to be broken ofi^, 
and the fork to be suspended from A. 

It = the inclination of -4 Q to the horizon, 

tan 5 = ^ (a' + 2ab + 4ac + 2c'). 

be ^ 

(18) The toasting-fork, one of the outside prongs being 
removed, is fixed in flat contact with a rigid vertical lamina 
without weight : it is observed that, when a certain point of 
the lamina is fixed, there is equilibrium for all attitudes of 
the system : find the position of this point. 

The distances of the required point from AQ, PR, are, 
respectively, 

^^ .and ^"^'-''- 



a-\'b + 2c ' a + b-{-2c' 
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Sect. 3. Pressure on the axis. 

(1) To find the position of the fulcrum of a straight 
uniform lever, 12 feet long, when a pound weight at one end 
keeps the lever at rest and produces a pressure of 6 pounds 
on the fulcrum. 

Let W denote the weight of the lever in pounds and x 
the distance, in feet, of the fulcrum from the point of sus- 
pension of the pound weight : then, taking moments about 
the fulcrum, we have 

lxa;=Trx(6-^) (1). 

Also, the pressure on the fulcrum being equal to the sum of 
the weights, 

6 = H-F (2). 

From (1) and (2) we see that 

TT = 5 pounds, a? = 5 feet, 

(2) The fulcrum of a uniform rod, a foot of which 
weighs IJ lbs., is at a distance of two feet from one end: to 
find what weight, suspended from that end, will keep it at 
rest, when the pressure on the fulcrum is 150 lbs. 

Let a be the number of feet in the length of the rod, and 
P the required weight in pounds. Then, observing that the 

3 

weight of the rod is equal to ^ o^ pounds, we have, taking 

moments about the fulcrum, 

2P=|aga-2) (1). 

Also, since the pressure on the fulcrum is equal to the weight 
of the whole system, 

150 = P + |a (2). 

From (1) and (2) we see that 

300-3a = 2a(a-4), 
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400 - 4a = a^ — 4a, 
a = 20; 
and therefore, by (2), P = 120, 

(3) The end of a weightless rod OB, fig, (52), is fixed: 
a weight W is attached to one end of a fine string, which 
passes through a ring fixed to the end B of the rod, and of 
which the other end is tied to a fixed point A in the same 
horizontal line with 0, OB being equal to OA : to find the 
position of equilibrium and the pressure on the point 0. 

The rod is kept at rest about by two forces, each equal 
to Wy the one acting in the vertical line BO, the other in the 
direction BA, In order that there may be equilibrium, the 
resultant of these two forces must act along BO : but this re- 
sultant bisects the angle between the two parts*of the string; 
hence ^ OBG=z OB A. Denoting therefore z OB A by 0, 
we see that z ABC =20, and that z BA0 = iTr'-2d: but, 
since OA = OB, therefore zBAO = ^ ABO « 0: 

hence ^ = i7r-2^, ^ = |. 

If J2 denote the pressure on the point 0, 

i2 = 2Trcos5=TrV3. 

(4) Two forces P and Q, inclined to each other at an 
angle a, act upon a rigid lamina, which lies upon a smooth 
table, one point of the lamina being attached to a fixed point 
of the table : find the pressure on this point. 

The required pressure is equal to 

(p2+Q«+2P^cosa)*. 

(5) A rod of uniform density, 10 feet long, is kept in 
equilibrium round a fulcrum by means of a pound weight 
suspended from one end ; find the position of the fulcrum 
and the weight of the rod, when the pressure on the fulcrum 
is 20 pounds. 

The distance of the fulcrum from the end at which the 
pound weight is suspended is 4 feet 9 inches, and the weight 
of the rod is 19 pounds. 



CHAPTER VI. 



CENTRE OF GBAVITY. 

* 

Sect. 1. Oeometrical Method. 

(1) If he the centre of gravity of a triangle ABC, 
three forces in the direction of and proportional to OA, GB, 
GG, will be in equilibrium. 

Complete the parallelogram AGBD, fig. (53), and join 
GD, The diagonals GD, AB, will bisect each other at 
B, and B, G, (7, by the property of the centre of gravity of a 
triangle, will lie in a straight line. 

Now DG = 2BG = GC. Hence the three forces OA, GB, 
GC, are equivalent to the three forces OA, OB, DG, which, 
by the principle of the parallelogram of forces, will balance 
each other. 

(2) To find the centre of gravity of five equal particles, 
placed at five of the angular points of a regular hexagon. 

Let the particles be placed at B, C, D, E, F, fig. (54). 
Join AD : join also BF, GE, cutting AD 2X M, N. Let be 
the middle point of AD, Let P be the weight of each particle. 
Then P, P, at B, F, may be collected at their centre of gravity 
M : and P, P, at G, E, may be collected at their centre of 
gravity N. Again 2P, 2P, at M, N, may be collected at their 
centre of gravity 0. Thus the particles at B, C, E, F, may 
be all condensed at 0. Again 4P at 0, and P at D, may be 
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condensed at their centre of gravity Gy OG being equal to 

(3) Particles &re placed at the angles of a triangle, 
their weights being proportional to the sides opposite to 
them : to prove that their centre of gravity coincides with 
the centre of the circle inscribed in the triangle. 

Let P, Q, By be the weights of the particles at the 
angular points, A, B, C (fig. 55), respectively. Draw AHy 
BKy CLy bisecting the angles A, B, C, of the triangle. Then 

Ba BA , T-1 T 1 

^=-cz.i'y Euclid, 

= y^ , by the hypothesis, 

or Q.BH^B.CE. 

Hence the centre of gravity of Q, R, and therefore of 
P, Qy By is in the line AH. Similarly it may be shewn 
to be in the line BK, and in the line CL. Hence it coincides 
with the intersection of AH, BK, CL, that is, with the centre 
of the inscribed circle. 

(4) To prove that the centre of gravity of the periphery 
of a triangle cannot coincide with the centre of gravity of the 
triangular area unless the triangle be equilateral. 

Let ABC, fig. (56), be any triangle : let P be the middle 
point of the side BG: join AP. Let Q, By be the middle 
points of the sides ACy AB : join QBy cutting AP at E. 
Since ABy AC, are bisected at -B, Q, the line BQ must be 
parallel to BC, 

The centre of gravity of the triangular area lies in AP: it 
is plain that, the centre of gravity oi BC being at P, the 
centre of gravity of the periphery cannot lie in this line, and 
therefore cannot coincide with the centre of gravity of the 
area, unless the centre of gravity of AB and AC lie in this 
line : hence we must have 

AB : AC :: BQ : EB 

:: PC : PJS, 
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and therefore, PC being equal to PS, we must have 

AB^AG. 

Similarly it may be shewn that the periphery and area can- 
not have the same centre of gravity unless AB^BGi thus 
the coincidence of the centres of gravity can take place only 
in an equilateral triangle. 

(5) If lines be drawn from any point whatever to four 
fixed points in the same plane with it, and these lines 
represent forces, to shew that their resultant will pass 
through a certain fixed point and will be proportional to 
the distance of the first point from it. 

Let 0, fig. (57), be the variable and A, A\ A\ A"\ the 
fixed points: complete the parallelograms OABA\ OBB>A'\ 
OFF' A'", and join the diagonals AA\ BA'\ FA'"-, G, G\ 
G", being the points of intersection of the diagonals in the 
several parallelograms. Let D be the middle point of 0G\ 

Then the four forces OA, 0A\ 0A'\ 0A'\ are equivalent 
to OB, 0A\ 0A"\ and therefore to OF, 0A"\ and therefore 
to a single resultant 0F\ 

Again, place four weights, each equal to P, at A, A', A!\ 
A"'. The centre of gravity of P, P, at A, A\ coincides with 
that of P, P, at 0, 5 : the centre of gravity of P, P, P, at 
A, A\ A'\ coincides with that of P, P, P, at 0, P, A'\ or of 
P, 2P, at 0, G\ or of 2P, P, at 0, F: the centre of gravity 
of P, P, P, P, at ^, A\ A'\ A"\ coincides with that of 
2P, P, P, at O, F, A", or of 2P, 2P, at 0, G'\ or of 4P at D. 
Thus we see that the resultant OF' passes through the centre 
of gravity D of four equal weights, placed at the points 
A, A'y A", A"\ and is represented by OB", which is equal to 
four times OD or varies as OD. 

(6) ABGy fig. (58), is a triangle; a, ^, 7, are the middle 
points of the sides opposite to A, B, G, respectively : aj3, ay, 
are joined and the figure A^ay is removed from the triangle : 
to determine the position of the centre of gravity of the 
remainder. 

Draw )8/L6, 71/, parallel to Aa: these lines will bisect 
(7a, Pa, respectively, and, if fi, v\ be taken in )8/a, 71/, such 
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points that fiji = J/Lt/8 and vv = J1/7, fi\ v\ will be the centres 
of gravity of the triangles OayS, -827, for it is easily seen that 
(7a, BoL, are bisected at /a, j/, respectively. But yi.^ = J J.a = v^ ; 
hence /i/a' = vvy and therefore /lc V is parallel to GB, More- 
over, the triangles Bciri^ Col^, are equal : hence the centre of 
gravity of the two triangles will lie in the middle point 
between fi and Vy that is, at the intersection of ftV with Aa. 
Hence the required centre of gravity lies in J. a at a distance 
from a equal to ^Aa. 

(7) To prove the following geometrical construction for 
the centre of gravity of any quadrilateral. Let E be the 
intersection of the diagonals, and F the middle point of the 
line which joins their middle points : draw the line EF and 
produce it to G, making FG equal to one-third of EF: then 
O shall be the centre of gravity required. 

Let Ky H, fig. (59), be the middle points of the diagonals 
AG, BD. Join KH, AH, BK, OH, DK. Take PK= ^BK, 
QK= \DK, H8 =- ^AH, HE = ^GH. Join P Q, RS, cutting 
AGy BD, at M, N, respectively; join MN, Let O be the 
intersection of PQ, R8\ join EG cutting MN, HK, at 0, F, 
respectively. 

Since the centres of gravity of the triangles ABO, ADG, 
are at P, Q, respectively, the centre of gravity of the whole 
quadrilateral must be in the line PQ: by like reasoning, 
it must also be in the line RS : hence it must be at G, the 
intersection of these two lines. 

Again, since PK : QK :: BK : DK, PQ is parallel to 
BD : similarly, RS is parallel to CA : hence EMGN is a 
parallelogram. 

Again EM : EK :: BP : BK v. 2 : 3, 

and EN : EH :: AS : AH ::2 : S; 

and therefore 

EM : EK :: EN : EH, 

and consequently MN is parallel to KH : hence, MN being 
bisected at 0, HK is bisected at P. 
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Again EO : EF :: EM : ^K :: 2 : 3, 

and therefore EO = lEF, and FO = i^/^. 

Hence FG=GO-FO 

^EO-^FO 
=^^EF-iEF=^EF. 

(8) How long a piece must be cut oflf from one end of a 
rod, of length 2a, in order that the centre of gravity of the 
rod may approach towards the other end through a distance 6? 

The length of tb© piece must be 2b. 

(9) If a quadrilateral be divided by one of its diagonals 
into two equal triangles, shew that it will balance about that 
diagonal. 

(10) If the sides of a triangle be taken, two and two, to 
represent forces, acting in each case from the angle made by 
the sides, prove that each of the three pairs will balance 
Sibout the centre of gravity of the triangle, 

(11) If the lengths of the sides of a right-angled triangle 
be 3, 4, 5 feet, find the distance of the centre of gravity from 
each side. 

The distances of the centre of gravity from the three sides 
are k, 1, ^ , feet, respectively. 

(12) A square and a rectangle of uniform density are 
joined together in on§ plane at a comujon side : find the 
length of the rectangle in order that the two may balapce 
about that side, the density of the square being double that 
of- the rectangle. 

The length of the rectangle must be equal to a diagonal of 
th|B square. 

(13) If ABG be an isosceles triangle, right-angled at (7, 
and D, E, be the middle points of AG, AB, respectively, 
prove that a perpeudicular from E upon BD will pass 
through the centre of gravity of the triangle BDC. 
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(14) If the centre of gravity of a four-sided figure 
coincide with one of its angular points, shew that the 
distances of this point and the opposite angular point from 
the line joining the other two angular points are as 1 to 2. 

(15) Draw a line through one angle of a square area, 
cutting off a triangle, so that the remaining quadrilateral, 
when suspended from the obtuse anglef, may rest with one 
side vertical. 

Upon the side BC oi the square construct the equilateral 
triangle BMC, fig. (60): draw if F at right angles to BC: 
take MN equal to half a side of the square: draw NO, 
parallel to VB, cutting AB at : join DO. Then JDO is the 
required line drawn through the angle D of the square, and 
cutting off the required triangle ADO. 

(16) If the angle 5 of a triangular board ABC be obtuse 
and AB be less than BG; prove that the board may stand in 
a vertical plane, when AB is placed on a horizontal plane, 
and will certainly ^tand wheri BC is so placed. 

(17) A plane quadrilateral ABCD is bisected by the 
diagonal AC, and the other diagonal divides AC into 
two parts in the ratio p : q: shew that the centre of gravity 
of the quadrilateral lies in AC and divides it into two parts 
in the ratio 2p + j : 2q+p. 

(18) is any point within the area of a triangle ABC : 
another triangle is formed by joining the centres of gravity 
(?, H, K, of the triangles BOG, CO A, AOB: prove that the 
area of the triangle OHK is one-ninth of the area of the 
original triangle and similar to it. 

(19) A uniform wire is bent into the form of three sides 
ABy BC, CD, of an equilateral polygon, and its centre of 
gravity is at the intersection of AC, BD: prove that the 
polygon must be a regular hexagon. 

(20) ABCD is a plane quadrilateral figure and a, 6, c, d, 
are respectively the centres of gravity of the triangles BCD, 
CD A, DAB, ABC: prove that the quadrilateral abed is 
similar to the quadrilateral ABCD. 
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(21) Each diagonal of a hexagonal lamina is parallel to 
a pair of opposite sidea: prove that its centre of gravity is 
at the point of intersection of two lines which bisect pairs of 
opposite sides. 

Sect. 2. Co-ordinate Method, 

Let P, P*, P'\,.. be any number of weights in one plane^ 
and (x, y)y {x\ y), {x'\ y '),... thdbr co-ordinates referred to any 
axes, rectangular or oblique, in this plane. Then, x, jr, being 
the co-ordinates of the centre of gravity of the weights, 

^_ Px'\-Px'-¥F'x' + ... 
""- p + F + p-^... > 

y P-^F + F'-¥... ' 
These formulae may be written briefly thus : 

"^'XiP)' ^""2{P) • 

If all the weights lie in one line, then, this line being 
taken for the axis of «?, the centre of gravity will also lie in 
this line, and its position will be given by the single formula 

-:_S(Pa^) 

s(pr 

If the weights be referred to any three axes in space, 

^-2(P^) r,-^ffl ^-^^ 
^- S(P) ' ^" S(P)' S(P) • 

(1) A uniform board is composed of a square ABCD, 
fig. (61), and an equilateral triangle AEB : to find the 
distance of the centre of gravity of the whole board from the 
point G or D. 

• 

Bisect CD at 0, and join SO : the centre of gravity of the 
whole board will evidently lie in EO, 

Let a = the length of a side of the square : then the area 
of the square is a* and the distance of its centre of gravity 

from is Ja. Also, the area of the triangle AEB is J a^JS, 
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and the distance of its centre of gravity from AB is — =, 
Hence, G being the centre of gravity of the whole boards 

6 + 273 
= o = • 

8 + 2^3 

Hence, C^=a« ji + r^)Va«.i^?, 

r V8 + 2V3/J 19 + 8V3 

and therefore CG = a a / ^r. ^ • 

V 2 4 + n/3 

(2) To find the centre of gravity of th© solid included 
, between two right cones on the same base, the vertex of one 

cone being within the other ; and to determine its limiting 
position if the vertices approach to coincidence. 

Let hy h\ be the altitudes of the two cones, and let x be 
the distance of the centre of gravity of the solid from the 
common base : then, since the volumes of the cones are as 
their altitudes, and since the distance of the centre of gravity 
of a cone from its base is equal to a quarter of its altitude, 
we have 

whence x = It — p 

= i(h + h'); 

and, when the vertices of the cones approach to coincidence, 
Ji approaches h as its limit, and therefore, ultimately, x is 
equal to ^L 

(3) A beetle crawls from one end -4 of a straight fixed 
rod to the other end B : to find the consequent alteration in 
the position of the centre of gravity of the rod and beetle. 
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Let a = the length axid P = the weight of the rod, and 
W = the weight of the beetle. 

Then the original distance of the centre of gravity of the 
rod and beetle from A is equal to 



P+W 



and its distance from Ay when the beetle arrives at jB, is 
equal to 

P+W ' 

hence the centre of gravity has moved through a space 
equal to 

Wa 

P+ W 

(4) A circular piece is cut out of a rectangular board 
ABGD, fig. (62), the two sides AB, AD, touching the 
circumference of the circle : to find the position of the 
centre of gravity of the remaining portion. 

Produce AB, AD, indefi^nitely to x, y, Aa, Ay, being taken 
as axes of co-ordinates. Let AB = a, AD = b, r = the radius 
of the circle. Let x, y, be the co-ordinates of the centre of 
gravity of the remaining portion of the board. Then 



ab .\a = 7rr^ . r + (a6 — irr^ x, 

and therefore x = - — % ^ . 

ab — irr 

Similarly y»_^___,. 

(5) A weight P, on a smooth inclined plane, is attached to 
one end of a string which, passing over the top of the plane, 
supports at its other end a weight Q : to prove that, when Q 
is moved vertically, the centre of gravity of P and Q will 
neither rise nor fall. 

Let x be the distance of P and y the distance of Q from 



CENTRE OF GRAVITY. G5 

the pully : then the depth of the centre of gravity of P and Q 
below the pully is equal to 

Px sin OL+Qy 
~~PTQ~ ' 

But, since P is at rest, we have, resolving the forces, which 
act upon it, parallel to the plane, 

Q = P sin a. 

Hence, c being the length of the string, the depth of the 
centre of gravity is equal to 

P+Q P+Q' 
which is independent of the depth of Q below the pully. 

(6) The inscribed circle being cut out of g. right-angled 
triangle, the sides of which are 3, 4, 5 ; to find the centre of 
gravity of the remainder. 

Let OA = 3, 0B = 4i, and therefore AB = 5. Let OAx, 
OBtjj fig. (63), be taken as the co-ordinate axes. 

Since the centre of gravity of the circular area and the 
remainder of the triangle must coincide with the centre of 
gravity of tha triangle, we have, x, y, being the co-ordinates 
of the required centre of gravity, 

^OA X area of triangle = rad. of circle x its area 

+ ^ X area of remainder of triangle, 
and 

^OB X area of triangle = rad. of circle x its area 

+y X area of remainder of triangle. 
But, r denoting the radius of the circle, 

r(3 + 4 + 5) = 3x4, 
and therefore r = 1. 

Our two equations accordingly become 

6 = 7r+(6-'7r)5, 5 = 1; 
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and 

gX6 = 7r + (6-7r)y, y = ^3^. 

The value of x shews that the required centre of gravity 
lies in a line through the centre of the circle parallel to OB. 

(7) Three weights, placed at the comers of a triangle, 
are proportional to the opposite sides; to shew that their 
centre of gravity coincides with the centre of the circle inscribed 
in the triangle. 

Let a, 6, c, be the sides of the triangle, and \a, X&, Xc, the 
weights at the opposite angles : let, ^, y, «, denote the 
distances of the centre of gravity of the weights from the 
sides a, 6, c, respectively : then, p denoting the perpendicular 
upon the side a from the opposite angle, 

X = — 

2A 



where A is the area of the triangle. Similarly 

-^ 2 A -^ 2A 

^■"a + J + c' ^^a-i-b + c' 

These results shew that the distances of the centre of gravity 
from the three sides are all equal to the radius of the 
inscribed circle. The centre of gravity of the weights must 
therefore coincide with the centre of the circle. 

(8) To find the centre of gravity of the periphery of a 
triangle formed by a piece of uniform wire. 

Let ABC, fig. (64), be the triangle. Bisect the sides BC, 
CA, AB, at a, /8, 7, respectively, and join ^7, 72, a/S. 

The centre of gravity of the triangle ABC will be the 
same as that of three weights in the proportion of BG, CA, 
AB, placed respectively at a, ^, 7: but BC, CA, AB, are 
proportional to ^y, ya, a^ ; hence the centre of gravity of 
ABC coincides with that of three weights, proportional to 
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ySy, 7a, a^, placed at the angular points a, fi, 7, of the tri- 
angle al3y. Hence, by the preceding theorem, the centre of 
gravity of ABG coincides with the centre of the circle 
inscribed in the triangle a/Sy. 

(9) One comer of a triangle, equal to -th part of its 

area, is cut off by a line parallel to its base : to find the 
centre of gravity of the remainder. 

Let B(7, fig. (65), be a line parallel to the base BG of 
the triangle ABG, the area ABG being one n^ of that of 
ABG. Bisect BG Sit P and join AP, which will bisect 
B'G' at P\ Let u denote the area of ABG, and x the 
distance of G, the centre of gravity of BGGB", from A. 
Then 

3 n \ nj 3 

r 

AF'\-\x{n^\)^n.AP. 
But, the triangles AB G\ ABG, being similar, 

ui-iiAP": AP^, 
n 

AP 
and therefore AP = —f=- . 

Hence ^ (n — 1) S = AP in — -j=\ , 

(10) A triangle is formed by a piece of uniform wire : 
to find the distance of the centre of gravity of the periphery 
of the triangle from each of the sides ; and to shew that, if 
Xy y, Zy be the three distances, and r the radius of the 
inscribed circle, then 

ixyz — r' (a?.+ y + ^) =r r^, 

5—2 
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Let a, h, c, be the sides of the triangle. Then,|; denoting^ 
the distance between the side a and the opposite angle, 

U/ — - — ' — ■ — • 

a + 0-^ c 
but pa = twice the area of the triangle 

hence fl5 = 5- (6 + c) ; 

similarly 2^ "^ 26 ^^ "^ ^^' 

and ^ = -^ (a + &). 

Hence Aocyz — 7^ {x'\*y + z} 

{(& + c) (c +a) (a 4- 6) - 6c (J + c) - ca (c+a)-aJ (a+6)} 



,» 



2ahc 



= r». 



(11) ^05, fig. (66), IS a bent lever of uniform thickness : 
to find the distance of its centre of gravity from 0, 

Let OA = 2a, OB = 26, ^ ^05 = «. Let G be the centre 
of gravity of the lever: draw GH parallel to yBO, and join 
OG : let 0H= x, GH=^ y. The weights of OA, OB, supposed 
to be collected at their centres of gravity, may be represented 
by Xa, X6. Hence 

_ Xa . ^' _ (^ 

^ X6.6 6' . 

and y = 



Xa + X6 a + 6 ' 
Hence OG^ = i* + y* + 25:^ cos w, 



and therefore 



^^ (a* + 6* + 2rt'6' cos <»)* 

U(d = ^ —J- — . 
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(12) Three weights, of 2, 3, 4, ounces respectively, lie in 
a straight line ; the distance between the first and second is 
10 inches, that between the second and third is 5 inches : 
find the centre of gravity of the three weights. 

The centre of gravity coincides with the place of the 

middle weight, 

« 

(13) Four weights, of 1, 2, 3, 4, pounds, are placed in 
order, at equal distances,' one inch asunder, on a thin rigid 
rod : find the point on which they will balance. 

The required point is at the third weight. 

(14) If, at the two ends and at distances of 12 inches 
from the ends of a rod, a yard long, four weights, of 3, 5, 7, 9, 
pounds, be fixed in order : shew that their centre of gravity 
is at a distance of one inch from the third weight, 

(15) At the comers of a square, taken in order, are placed 
weights 1, 3, 5, 7 : find their centre of gravity. 

If a be the length of a side of the square, the distance of 
the centre of gravity from the side (1, 7) is ^ , and from the 

side (5, 7) is T • 



(16) From a fixed horizontal rod are suspended a given 
number of equal weights by strings the sum of the lengths of 
which is given: determine the distance of the centre of gravity 
of the weights from the rod. 

If n be the number of the weights, and I the whole length 
of string used, the required distance is equal to - . 

(17) Find the distance of the centre of gravity of three 
equal weights, placed at the angles of a right-angled triangle, 
from the right angle. 

The required distance is equal to one-third of the hypo- 
tenuse. 
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(18) Find the distance of the centre of gravity of a right- 
angled isosceles triangle and the squares described on the two 
equal sides, from the vertex of the triangle. 

If a = the length of either of the equal sides, the required 
distance is equal to 

15 • 

(19) The circumference of a circle is divided into three 
parts, which are as 1, 2, 3: compare the distances of their 
centres of gravity from the centre of the circle. 

These distances are respectively in the proportion 

6 : 3^/3 : 4. 

(20) Prove that the excess of the altitude of a man's 
. centre of gravity from the ground, when he stands with his 

legs in contact, above its altitude, when he stands with his 
legs asunder, varies as the square of the sine of a quarter of 
the angle between his legs. 

(21) A beetle crawls from one end A to the other end B 
of a fixed bent rod: determine the length of the space 
described by the centre of gravity of the rod and beetle. 

If c be the rectilinear distance of A from B, and W, W\ 
be the respective weights of the beetle and rod, the required 
space is equal to 

Wc 



(22) Two uniform boards, one square and the other 
circular, are placed in one plane, so that they touch each 
other only at the middle point of a side of the square: 
find the ratio of a side of the square to the radius of the 
circle, in order that the distance of their centre of gravity 
from the centre of the square may be equal to the radius of 
the circle. 

The required ratio is equal to ^tt. 

(23) A side of a square board is a tangent at its middle 
point to the circumference of a circular board, the plane of 
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the square being at right angles to that of the circle : find 
the ratio of a side of the square to the radius of the circle, in 
order that the centre of gravity of the boards may be 
equidistant from both. 

The required ratio is equal to (27r) . 

(24) From a triangular lamina ABC, of which the sides 
ABy AG, are equal, a portion BPC is cut away, BP, CP, 
being equal : find the centre of gravity of the remainder. 

If A, Jiy be the distances of J., P, respectively, from BO, 
the distance of the required centre of gravity from BG is 
equal to 

HA + A'). 

(25) An infinite number of particles are placed in a 
straight line, at equal distances from each other, their weights 
forming a decreasing geometrical series : find the distance of 
their centre of gravity from the largest weight. 

If a denote the interval between two successive weights, 
and r the common ratio, the required distance is equal to 

ar 



1-r- 



(26) If the sides AB, GD^ of a trapezium A BCD, be 
parallel to each other, and E, F, be their middle points 
respectively, prove that thfe centre of gravity of the trapezium 
divides ^i^in the ratio ^5+ 2 Ci> : 2AB+GD. 

(27) The centres of two circles, which touch each other 
internally, are made to approach indefinitely near to each 
other : find the ultimate position of the centre of gravity 
of the area included between the circumferences of the 
circles. 

The ultimate position of the centre of gravity will bisect 
the radius of that point in the circumference which is most 
distant from the point of contact. 

(28) Prove that the centre of gravity of four equal 
particles in' any position is the same as that of four other 
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equal particles, each of which is placed at the centre of 
gravity of three of the former. 

(29) Two weights support each other on two inclined 
planes by means of a fine string passing over the common 
vertex of the planes: if the weights be set in motion, 
prove that their centre of gravity will move in a hori- 
zontal line. 

(30) A weight of given magnitude moves along the 
circumference of a circle, in which are fixed also two other 
weights : prove that the locus of the centre of gravity of the 
three weights is a circle. If the immoveable weights be 
varied in magnitude, their sum being constant, prove that 
the corresponding circular loci intercept equal portions of the 
chord joining the two immoveable weights. 

(31) If Pi, p^yP^, be the perpendicular distances of the 
sides of a triangle from the centre of gravity of the portion of 
the triangle exterior to the inscribed circle, prove that 

1.1 1 37rr 

— r- + — r-+ — r~ = — > 

Pl + '^ i?2+M P^+U 8U 

where r = the radius of the circle, s = the semi-perimeter of 

the trianorle, and u = . 

° 8 — irr 

(32) Find the centre of gravity of a straight rod, the 
density of which varies as the distance from one of its ex- 
tremities. 

The distance of the centre of gravity from the extremity 
is equal to two-thirds of the length of the whole rod. 

(33) Vertical cylinders of the same' height h, the 
radii of which, beginning from the lowest cylinder, are equal 
to Tj, r^, r^,,,,r^f respectively, stand upon one another: prove 
that the height of the centre of gravity of the system, above 
the base of the lowest cylinder, is equal to 

1, r,' + 3r ,'4-5r/-H. .. + (2yt--l)r^ ' 
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(34) Assuming that 

1 

1 . 1 + 2.3+3. 5 + ... + n. (271-1) = gn(n + 1) (4m- 1), 

find the centre of gravity of a frustum of a paraboloid of 
^evolution cut oflf by a plane perpendicular to its axis. 

If a = the length of the axis of the frustum, the distance 

(35) If a uniform wire be bent into the form of a triangle 
and at points in the sides be placed three beads, the weights 
of which are proportional to the sides on which they are 
placed; prove that, if the beads be moved through equal 
distances in the same direction along the sides, there will be 
no change in the position of the centre of gravity of the 
whole system. 

(36) ^ind the distance of the centre of gravity of three 
uniform rods OA, OB, OCy from their common extremity 0. 

If 0^ = a, 05=6, OC=c, zBOO^a, zGOA-=^^, 
/ AOB = 7, and d = the required distance, 

4 (a + 6 + c)' . cP 

= a* + J* + c* + 26V cos a + 2cV cos^ + 2a'6' cosy. 

(37) Shew that forces, acting at the centre of gravity of 
a system of equal particles in space and represented in mag- 
nitude and direction by straight lines drawn from it to all the 
particles, will be in equilibrium. 

(38) If particles of unequal weights be placed at the 
angular points of a triangular pyramid, and G^, G^, G^, &c., 
be their common centres of gravity, respectively, for every 
possible arrangement of the particles ; prove that the centre 
of gravity of equal particles, placed at G^, G^, G^, &c., is the 
centre of gravity of the pyramid. 
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Sect. 3. Upsetting. 

(1) The base BG of a uniform triangular lamina ABC, 
fig. (67), right-angled at C, is placed on an inclined plane, 
sliding being prevented by a small peg at C: to find the 
inclination of the plane in order that the lamina may just not 
topple over. 

Supposing the lamina to be just on the point of toppling 
over, its centre of gravity must be vertically above C : hence 
the line 00, which joins and the middle point of AB, 
must be vertical. 

Hence the inclination of the plane must be equal to the 
complement of the angle OOjB, and therefore to the angle 
ACO : but, since a circle, of which is the centre, may be 
described about the right-angled triangle AGB, CO = AO, 
and therefore z ACO = ^ BAG: hence the inclination of the 
plane must be equal to the angle BAG of the lamijia. 

(2) A cubical box is half filled with water and placed 
upon a rough rectangular board, so as to have the edges of 
its base parallel to those of the rectangle ; if the board be 
slowly inclined to the horizon about an edge of the rectangle, 
determine whether the box will slide down or topple over. 

The centre of gravity of the water and box would 
evidently be vertically above the lower edge of the box if the 
board were inclined to the horizon at an angle of 45^^, and it 
is easily seen that such would not be the case for any smaller 
inclination. Now the box will or will not slide before the 
inclination of the board reaches 45° accordingly as /x, the 
coefficient of friction, is less or greater than unity. Thus the 
box will slide down or topple over, accordingly as /m is less or 
greater than unity. 

(3) The base of an isosceles triangle is placed upon a 
rough inclined plane, the coefficient of friction between the 
triangle and the plane being given : to find the vertical 
angle of the triangle, supposing that, on a gradual increase of 
the inclination of the plane, the triangle assumes simul- 
taneously a rolling and a sliding motion. 
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Let a= the inclination of the plane AB, fig. (68), upon 
which the triangle CDE is placed, and let z GED = /3. Draw 
EF at right angles to AB, and let be the centre of gravity 
of the triangle : join GQ. Then, supposing the triangle to be 
on the point of sliding, we know that 

tan a s /L6. 

Again, if the triangle be at the same time on the point of 
rotating about G, it is plain that GQ is vertical : hence 

^ fi GF GF .^ fi 

and thus the required vertical angle is equal to 

2tan-'g). 

(4) A side of an equilateral triangle is placed upon an 
inclined plane, its lowest angle being fixed : find how high 
the plane may be elevated before the triangle rolls. 

The greatest elevation is an angle of 60^. 

(5) If a round table stand on three legs, the upper ends 
of which are fixed to the circumference at equal distances, 
shew that a body in weight equal to but not greater than 
the table may be placed on any part of it without risk of 
upsetting it. 

(6) One edge of a rough rectangular board, the plane of 
which is vertical, is placed upon a rough inclined plane, 
find the condition that, as the plane is gradually elevated, 
a motion of sliding and of rolling may commence simul- 
taneously. 

If a be the length of the edge which is in contact with 
the inclined plane, b the length of an edge perpendicular to 
the plane, and /jl the coefficient of friction, the required con- 
dition is 

a 

(7) A solid cone, the base of which is in contact with a 
plane inclined at an angle of 30*^ to the horizon, is prevented 
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sliding by a small obstacle at the lowest point of its base : 
determine the height of the cone in terms of the radius 
of the base, in order that the cone may be just on the point 
of upsetting. 

If r = the radius of the base, the height of the cone must 
be equal to 4r JS. 

Sect. 4, Body supported at a point. 

If a body or system of bodies, supported at a point, be at 
rest, the centre of gravity is vertically above or vertically 
below the point. 

(1) If AB, BG, fig. (69), be two uniform rods, rigidly 
connected together at B, and EF be a line joining their 
middle points, and D be taken in EF so that 

DF : DE :: AB : BG; 

to shew that they will balance on A, if DA be vertical, or on 
C, if DC be vertical. 

The centres of gravity of AB, BG, are at their middle 
points E, F, respectively: let P, Q, be their respective 
weights: then 

DF : DE :: AB : BG 

and therefore the centre of gravity of the system ABGis at 
D : hence the truth of the proposition. 

(2) A triangular lamina ABG hangs at rest, one of its 
angles being supported at a fixed point : to find the angle 
which the lower side makes with the horizon. 

Let j4, fig. (70), be the point of suspension : bisect BG at 
^and join AH: then, since the lamina is at rest, the line 
AH, which contains its centre of gravity, must be vertical. 
Produce BG to meet the horizontal line through A at the 
point D: let .: ADB = 0. 

Then, from the triangles BAH, GAH, we have 

BH ^ sini BAH ^ cos^ (B -^ e) 
AH^ fiinjS ■" smi^ ' 
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, CH _ sin ^ C AH_ co8 ((7~ ^ 

^^^ ^JET"^ 8m(7 sinC ' 

hetice, 55" being equal to Cff, 

cos {B-^O) _ Go^{G'-0) 
sin -6 sin (7 ' 

cot B — tan ^ = cot C+ tan 6, 

and therefore tan ^ = J (cot 5 — cot (7). 

(3) A right-angled triangular board, the hypotenuse of 
which is inclined at sixty degrees to the vertical, hangs at rest 
from a fixed point at the right angle : compare the lengths of 
the sides. 

The length of one side is to that of the otber as ^3 to 1. 

(4) A body is supported in a given position by means 
of a string, which is fastened to the body at two given 
points, and passes over a smooth peg: find the. length of 
the string. 

Let -4, S, be the two points in the body, and Q its centre 
of gravity : let a, 6, denote the lengths AQ, BQ, and or, yS, the 
inclinations oi AG, BG, to the vertical : then the length of the 
string is equal to 

asina-f-6sin)9 r « . n « 7 / om* 

— : , . Vl . \ar + J' — 2ab cos (a — p)}^. 

asma — 6smp ^ 

(5) A fine string ACBP, tied to the end -4 of a uniform 
rod ^-B of weight W, passes through a fixed ring at (7, and also 
through a ring at the end B of the rod, the free end of the 
string supporting a weight P; if the system be in equilibrium, 
prove that 

AC:BC::2P+W: W. 

(6) A piece of uniform wire is bent into three sides of a 
square ABOD, of which the side AD is wanting ; shew that, 
if it be hung up by the two points A and B successively, the 
angle between the two positions of BC is tan"* 18. 
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(7) If a triangular lamina ABC^ right-angled at (7, be 
suspended from the angle A^ the side A makes an angle a 
with the vertical ; if it be suspended from B^ the side BG makes 
an angle /3 with the vertical : prove that 

cot a . cot /8 = 4. 

(8) A lamina of any form is suspended first from a point 
A and then from a point B, A and B being points in the 
lamina : it is found that the angles, which the straight line 
AB makes with the horizon in these two positions, are a and 
/8 respectively : prove that the distance of the centre of gravity 
of the lamina from AB is equal to 

AB 
tan a + tan /8 * 

(9) If a horizontal triangular lamina be suspended from 
a fixed point by strings attached to its angles, shew that 
the tensions of the strings are proportional to their respective 
lengths. 

(10) A right-angled triangular lamina, suspended from 
a fixed point in its hypotenuse, is in equilibrium : if the 
hypotenuse be horizontal, prove that it is divided by the 
fixed point into two parts the difference of the squares on 
which is equal to one-third of the difference of the squares on 
the other two sides of the triangle. 



CHAPTER VII. 

EQUILIBRIUM OF A BODY ACTED ON BT THREE FORCES. 

« 

(1) A PAIR of compasses, the hinge of which is so rusty 
as to prevent motion, rests upon a smooth vertical circular 
board : to find the pressure on the board. 

The compasses are acted on by three forces, viz. the reac- 
tions of the board, and the weight of the compasses, which 
may be regarded as collected at their centre of gravity. Now 
the directions of the reactions pass through the centre of the 
board, and therefore the direction of the weight must also do 
so : but the centre of gravity of the compasses lies in the line 
joining their hinge and the centre of the board. Hence the 
ninge must be vertically above the centre of the board. 

Since then the compasses must rest symmetrically, the re- 
actions must be equal : let R denote each of the reactions, 
and W the weight of the compasses. Let 2a represent the 
angle between the legs of the compasses. Then, resolving 
vertically the three forces which act through the centre of 
the board, we have 

2Rama=W, 
^ = ^ TFcosec a. 

(2) A uniform rod, of given length, is to be support- 
ed in a given position, its upper end resting at a given 
point against a smooth vertical wall, by means of a fine string 
attached to the lower end of the rod and to a point in the 
wall : to find by a geometrical construction the point in the 
wall to which the string must be attached. 
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Let AB, fig. (71), be the rod, resting against the wall at 
the point B, Let G be the middle point of the rod. Draw 
BD horizontally and CD vertically, so as to intersect at the 
point D. Now the action of the wall on the rod and the 
weight of the rod are both directed through the point D : 
hence the tension of the string must also be directed through 
this point. Join therefore AD and produce it to meet the 
wall at E\ then E is the required point. 

(3) To find the position of equilibrium of a uniform rod, 
the ends of which rest upon two inclined planes which are at 
right angles to each other. 

Let AG, BC, fig. (72), be the two inclined planes, and 
PQ the position of the rod. In order that the rod may be in 
equilibrium, its weight, supposed to be collected at its middle 
point 0, must lie vertically below D, the intersection of the 
normal reactions of the planes at P and Q : thus the semi- 
diagonal OD of the rectangle PGQD and therefore the whole 
diagonal CD must be vertical. We may therefore give the 
following construction for the position of equilibrium of the 
rod. Draw CD vertical and equal to the length of the rod : 
from D draw DP, DQ, at right angles to the planes : join PQ. 
Then PQ, being equal to CD, will be the required position 
of the rod. 

(4) A uniform straight rod, moveable about its lower ex- 
tremity, leans against a vertical wall, and makes an angle of 
45** with the horizon : to shew that the pressure against the 
wall is half tne weight of the rod. 

Let AB, fig. (73), be the rod*, A (7 a horizontal line meeting 
the wall BG a.t C. Draw BO, at right angles to the wall, to 
meet 00, drawn vertically through the middle point O of 
the rod, and join AO : produce OG to meet AG dX H. Then 
the weight of the rod,* supposed to be collected at G, the 
reaction of the wall, and the pressure exerted on the rod at 
A, are represented by OH, HA, AO, respectively: but 
OH=^BC=^ 2GH, and, since iBAG^ 45^ GH=^HA: hence 
0H= 2HA, or the reaction of the wall, which is equal and 
opposite to the pressure on the wall, is equal to half the 
weight of the rod. 
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(5) The higher end -B of a rod AB, fig. (74), moveable 
about a hinge at its lower end A, is connected by a fine string 
with a fixed point C in the horizontal plane through ^ : to ^ 
find the pressure on the hinge and the tension of the string. 

Let TF = the weight of the rod, 7 = the tension of the 
string, and B = the reaction of the hinge against the rod. 
Let G be the centre of gravity of the rod. Draw GH 
vertically to intersect BG at H: join AH and produce it to 
meet BD, drawn vertically, at the point D. 

Since the directions of W and T both pass through H, it 
follows that JB's direction must also pass through fl". Hence 
AB is kept at rest by W parallel to J)B, T along BR, and R 
along HD : hence 



and r= Tf . 



BD' 

HB 
BD' 



(6) The lower end of a uniform rod, which is placed 
across a snK)oth horizontal rail, rests against a smooth wall to 
which the rail is parallel, the distance of the wall from the rail 

being f r^ j of the length of the rod : to find the position 

of equilibrium. 

Let AB, fig. (75), be the rod, G its centre of gravity and 
its point of contact with the raiL 

The reaction of the wall, the reaction of the rail, and 
the weight of the rod, must act along lines which pass 
through a single point: let AG, GO, GG, be the respective 
lines of action. 

Draw OH at. right angles to the wall. 

Let AG=ia = BG, and therefore OH=^^a. 

Then, being the inclination of AB to the vertical, 

OH=-OA. sm0 = AG. siu'd^ AG. sm% 

asin'^ = -, sin^=2» ^~6' 
W.M. 6 
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(7) A uniform rod is supported in a horizontal position 
by three equal forces, one acting at one end, the other 
two at the other : to shew that the angle between the direc* 
tions of the two latter forces must be 120^ 

Let AB, fig. (76), be the rod, P the force acting at the end 
B : let be the intersection of P's direction with that of the 
weight W of the rod supposed to be collected at its middle 
point C. Now, in order that the rod may be at rest, the 
direction of the resultant of the two forces P,.P, acting at -4, 
must pass through 0, and its magnitude must be equal to P: 
this cannot be the case unless the two forces at A are 
inclined to the line OA, on opposite sides of the line, at 
angles of 60^ The angle between the two forces must there- 
fore be 120^ 

(8) A uniform roiis moveable in a vertical plane about 
a hinge at one extreiq^tjr. A string, one end of which is 
fastened to the other CTtfemity of the rod, passes over a 
smooth peg vertically abow'wfe^inge and at a distance from 
it equal to the length of the pd : to the other end of the 
string a weight P is attached : to determine the position of 
equilibrium of the rod, which is supposed to be inclined to the 
vertical, and its pressure on the hinge. 

Let AB, fig. (77), be the rod, C the peg ; let W be the 
weight of the rod, which we may suppose to be suspended 
from its middle point Q : produce the vertical line through 
G to intersect BG at i) : it is evident that D is the middle 
point of BC. The tension of the string will exert a force P 
on the end B of the rod in the direction BC. 

Since the directions of P and W pass through D, it is 
essential to equilibrium that the direction of the reaction It, 
exerted by the hinge on the rod, also pass through D, 

Let z BAC=^ 0y and therefore z CAD==^ . 

2 

Since P, W, P, act on the rod in directions parallel to the 
sides DG, CA, AD, respectively, of the triangle CAD, we 
have 

Z~^- . 
W^CA^^^^Z' 
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which determines the position of the rod's equilibrium. Wq 
have also 

R_AD_ 
whence i2= (f'- F*sin'|) 

The expression for jB may be obtained also in the follow- 
ing manner. 

Since P and R are at right angles to ea«h other, their re- 
sultant must be equal to 

(P»+i2')*: 
but this resultant must be equal to W : hence 

W^iP' + R^', 
and therefore 

R = (W''-P')K 

(9) A triangular piece ABG is cut out of a vertical 
lamina : the centre of gravity of the remainder of the lamina 
is at (7: the sides AG, £0, of the triangle rest on two pegs 
Py Qi to find the position of equilibrium of the mass. 

The reactions of the pegs P, Q, on the mass act normally 
to the sides AG, BG, of the triangle : let 0, fig. (78), be the 
point of intersection of the normals at P, Q: join GO, PQ. 
Since the directions of the two reactions pass through 0, the 
vertical through G, in which the weight of the mass acts, 
must also pass through 0. 

Let z AGO = 0, z BGO = <^, z AGB = ©; and let a denote 
the inclination of PQ to the horizon. 

From the geometry we see that 

zPEG^^POE+z OPE 

^zPOC+zOPQ: 

6—2 
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but, since a circle may be described about the quadrilateral 
POQC, the angle 0P(2 is equal to the angle OCQ : hence 



jlPEG^^POG^^ OCQ, 



and therefore 



IT TT 



or ^ — 5 = a : 

but ^ + ^ = Q) : 

hence 6 = — ^ — , 9 = ^ : 

these values of 5, ^, define the position of equilibrium. 

(10) A weight TTis attached to the end 5 of a weightless 
rod AB, fig. (79) : a string, fastened to the end jB, passes over 
a smooth fixed peg C, through a ring at the end A of the rod, 
and supports a weight P : to determine the position of 
equilibrium. 

Draw CHy a vertical line, cutting AB at H. The forces 
acting on the rod AB are indicated in the diagram. Let 
2^BAG--AyACBA = B. 

Since two forces act on the rod at B, the resultant of the 
two forces P, P, at ^,must pass through £, and therefore the 
directions of the two forces at A must be equally inclined to 
AB. Hence a GAB = aPAB = z AHG : and therefore also 
C£r= GA. The resultant of the two forces at A is equal to 
2P cos A. Thus the directions of the three forces 2P cos -4, 
P, W, pass through the point P, and are parallel respectively 
to the sides HB, BG, GH, of the triangle HBO. Hence 

2Pcos A HB _ sin {A - B) 

W "GH" sinP ^^^' 

A W_CH_CA_smB 
^"""^ P" BG" BG"miA ^^^' 
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From (1) we have 

2P 



Tjr = tan A cot jB— 1, 
rr 

tan^ = taii J9. — ^ — (3), 

and therefore, from (2), 

J. W+2P . ... 

cos -5= — p — cos J. (4). 

Eliminating B between (2) and (4) we get 

l=~Dr sm* J. +-^ pa — ^cos*-4, 

P» =F* + 4P (P+ W) cos* A, 



cos^ 



1 /p-jf y 



Again, CS'= AC=> AB . -. — , . , „, = . ,, . , -: — — -^r 

° sin (4 + ^) cos ^ (1 + tan J. cot 5) 

W.P^.AB 



(P+W){P-Wf 
by (3) and (5). 

P P^ i4 W 

Also BG^^.AO^ ^ -"^^ 



Tf (P+TF)(P-F)*' 

The expressions for AG, BC, and cos J., determine the 
lengths of the portions of the string between the peg and the 
ends of the rod, and also the inclination of the rod to the 
vertical : the position of equilibrium is therefore completely 
ascertained. 

(11) On the surface of a table are three smooth fixed 
pegs : a string is passed round them and its ends are pulled 
in opposite directions along the same straight line: to 
determine the resultant pressure upon each peg and to shew 
bow these pressures combine to neutralize each other. 
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Let A, B, G, fig. (80), be the three pegs, and let P be the 
force with which each end of the string is pulled. 

Then, the tension of the string being the same through- 
out, the resultant pressure on the peg A will be the 
resultant of two equal forces P, P, inclined to each other at 
an angle A : the resultant pressure on A will therefore be 

equal to 2P cos -^ : similarly, the resultant pressures on B, C» 

will be respectively equal to 

B C 

2P cos ^ , 2P cos ^ • 

The resultant of all the forces acting on the string is 
equivalent to the resultant of the three forces, 

2Pcosy, 2Pcos|, 2Pcos^, 

acting respectively along the lines OA, OB, OC, which bisect 
the angles of the triangle ABC. 

Now sin ^ BOG =8111 f "2 "^ 2 '*"2 "^ 2) ^^^^ (1 "^"2) ''^^^'2* 
Similarly, it may be shewn that sin •-: CO A, sin ^ AOB, 
are equal to cos -^ , cos ^ , respectively. 

Hence the resultant forces on the string act in the direc- 
tions OAy OB, OC, and are proportional to 

sin z BO G, sin z COA, sin zAOB, 

and therefore balance one another. 

(12) One extremity of a uniform beam rests on a hori- 
zontel plane, its other end resting against a vertical wall : 
assuming the coefl&cient of friction to be the same at both 
ends, to determine the limiting position of equilibrium of the 
beam. 

Let AB, fig. (81), be the beam; let AO,BO,he the 
directions of the reactions of the horizontal plane OX, and 
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the vertical wall CY, Join 00, G being the middle point of 
the beam. Then for equilibrium it is necessary that 00 he 
a vertical line^ 

The inclination o{ AO to JO and of BO to BY will be 
cot"* fi, fi being' the coefficient of friction. Let z BA 0=^0. 

Then, from the triangle A 00, denoting cot"*/* by a, we 
have 

00 _ sin (g - 0) 
AG cos a 

and, from the triangle BOO, 

Qg__ cos(g-a) 
BO sin. a 

Hence, AG being equal to BO, we see that 

sin (g ~ 6) __ cos {6 — a) 
cos a sin a ' 

tan (g — ^) = cot a, 

^ = 2g-i7r = 2 cot"* /* - Jtt. 

(13) A rigid weightless rod is suspended by two strings, 
which* are attached to its ends and to a fixed point ; find at 
what point of the rod a weight must be fastened, (1) so that 
it may be horizontal, (2) so that the tensions of the strings 
may be equal 

Let be the point of suspension, AB the rod : from 
draw OP at right angles to the rod, and OQ bisecting the 
angle A OB ; then the points P, Q, at which these two lines 
intersect the rod, are the two required points. 

(14) One end of a string is nailed to a point in the 
surface of a sphere, the other end being fixed to a point in a 
smooth vertical wall, against which the sphere presses : find 
the tension of the string and the pressure of the sphere on 
the wall. . 



88 EQUILIBRIUM OF A BODY 

Let r = the radius of the sphere, I = the length of the 
string, TF=the weight of the sphere, T=the tension of the 
string, and R = the pressure on the wall : thea 



(15) A fly stands upon a needle, the ends of which rest 
on a smooth circular arc, the plane of which is vertical : find 
the position of equilibrium of the needle. 

If c represent the distance of the centre of the circle from 
the needle, and a, b, the distances of the centre of gravity of 
the fly and needle from the ends of the needle, the inclination 
of the needle to the vertical is equal to 

tan 



a -"ft* 



(16) A smooth wire is bent into the form of a circle, 
and is supported by a small ring, which is moveable along it 
and which is attached by a fine string to a point in a vertical 
wall, against which the circle rests, the plane of the circle 
being perpendicular to the wall : find the inclination of the 
string to the wall, when the tension is double the weight of 
the circle. 

The required angle of inclination is -^ » 

(17) One end of a string OB, fig. (82), is fixed to a smooth 
wall at a point 0, and its other end to the extremity jB of a 
uniform rod AB, the other extremity A of which rests against 
the wall : find the position of equilibrium. 

I£ OB==b,AB==2a,^AOB=-0,j:BAG=^^\ then 

(18) A uniform beam is hung from a fixed point by two 
unequal strings attached to its extremities: compare the 
tension of each string with the weight of the beam. 



ACTED ON BY THREE FORCES. 8& 

If a, b, represent the lengths of the strings, P, Q, their re- 
spective tensions, c the length and W the weight of the 
beam, then 

Pa Q h 



^. (2a' + 26'-c'')*' ^ (2a« + 26*-c')** 

(19) The line of intersection of two smooth planes Ay B, 
is horizontal ; a rod GD rests on the two planes, first, with 
its extremity (7 in contact with the plane -4, and, secondly, 
with its extremity D in contact with the same plane. If 
0, <f>, be the inclinations of the rod to the horizon in these 
two positions of equilibrium, prove that tan + tan <j} is 
invariable, whatever be the length of the rod or the position 
of its centre of gravity. 

(20) Prove that no uniform rod can rest partly within 
and partly without a fixed smooth hemispherical bowl, at an 

inclination to the horizon greater than sin"* ("7f) * 

(21) A heavy sphere hangs from a peg by a string, the 
length of which is equal to the radius, and rests against an- 
other peg vertically below the former, the distance between 
the two being equal to the diameter : find the tension of the 
string and the pressure on the lower peg. 

The tension of the string is equal to the weight and the 
pressure on the peg to half the weight of the sphere. 

(22) One end of a uniform straight rod rests against a 
smooth vertical wall : a smooth ring without weight, attached 
to a point in the wall by a fine inextensible string, is move- 
able along the rod : if & be the angle which the rod, when 
in equilibrium, makes with the wall, and if the length of the 

string be f ^ j of that of the rod, prove that 

cot'^ + cot ^ = w, 

(23) A uniform beam is suspended by strings, ends of 
which are attached to its extremities : the strings pass over 
a smooth peg, given weights being attached to their other 
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ends, so that the weights hang down on opposite sides of the 
peg; find the sides of the triangle formed by the beam and 
the stnDgs, when the system is in equilibrium. 

If P, Q, be the two weights, W the weight of the beam 
and c its length, the two other sides of the triangle are equal 

to ^' Q^ 

(24) A right cone, the vertical angle of which is cos"^ J, 
is enclosed in the circumscribing spherical surface, which is 
fixed ; shew that it will rest in any position* 

(25) A square lamina, the plane of which is perpendicu- 
lar to a smooth wall, is in equilibrium, one of its comers 
being attached to a point in the wall by a string the length 
of which is equal to a side of the square : shew that the 
distances of three of its angular points from the wall are aa 
1, 3, and 4. 

(26) The base, which is horizontal, of an isosceles lamina 
rests on one inclined plane and its vertex on another : if a be 
the inclination of the latter plane and ^tt — a of the former, 
determine the inclination of the lamina to the horizon. 

If be the inclination of the lamina to the horizon, 

tan = ^ (tan a — 2 cot a). 

(27) A heavy equilateral triangle, hung up on a smooth 
peg by a string the ends of which are attached to two of its 
angular points, is at rest, one of its sides being vertical; shew 
that the length of the string is double the altitude of the 
triangle. 

(28) A uniform lamina, in the form of an equilateral 
triangle, hangs at rest against a smooth vertical wall by 
means of a string, attached at one end to a point in the wall 
and at the other to the middle point of one side, one corner 
of the lamina being in contact with the wall : shew that the 
reaction of the wall and the tension of the string are indepen- 
dent of the length of the string, and that the length of the 
string is not greater than that of a side. 



CHAPTER VIIL 

EQUILIBRIUM OF A SYSTEM OF BODIES. 

(1) An inextensible string biDds tightly together two 
smooth cylinders, the ratio between the radii of which is 
given: to find the ratio of the mutual pressure of the cylinders 
to the tension of the string. 

Let A, B, fig. (83), be the centres of transverse circular 
sections of the cylinders, in the plane of the string : produce 
the common tangent HK to meet AB, produced, at U: from 
A, B, draw AH, BK, to the points of contact H, K: draw 
KL, parallel to BA, to meet AH at L, Let R denote the 
action of the cylinder A upon the cylinder B, T being 
the tension exerted upon the latter cylinder by each of 
the two rectilinear portions of the string. Let r, s, be 
the radii of A, B, respectively, and let aAGH=0, Then, 
for the equilibrium of the cylinder B, we have, resolving 
along A C, 

B^2Tcos0. 
But sm^ = ^F5^ = 



and therefore 



KL r + s' 

. 2 (rs)^ 2 

cos = \ = ^ , 1 , , 1 : 



©' - (9 



hence 



^" ©''©•■ 
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(2) Three equal heavy cylinders, each of which touches 
the other two^ are bound together by a string and laid upon 
a horizontal plane : the tension of the string being given, to 
find the pressures between the cylinders. 

Let W be the weight of each cylinder, T the tension of 
the string, B the reaction between the higher and each of the 
lower cylinders, 8 the reaction between the two lower, JR" the 
reaction of the horizontal plane upon each of the lower 
cyUnders. The forces acting upon each cylinder are exhibited 
m diagram (84). 

The two forces T, 2^, which act upon the higher cylinder, 
may be replaced by a vertical force 2T cos 30®, acting down- 
wards in the line of Ws action : hence, for the equilibrium 
of the higher cylinder, we have, resolving forces yerticaUy, 

2R cos 30' = 2 rcos 30" + F, 

or ^=^+:^ (^>- 

Again, the two forces T, T, which act upon either of the 
lower cylinders, may be replaced by a force 2Tcos 30®, 
the direction of which bisects the angle between B and 8: 
hence, resolving horizontally the forces which act on one of 
the lower cylinders, we have 

8 + Rcos 60® =« 2T cos 30® . cos 30®, 

or 8+^R^^T. (2). 

From (1) and (2), we have 

W 
8^T V -(S)- . 

The equations (1) and (3) give the pressures between the 
cylinders. 

Cor. Resolving vertically the forces which act, on one of 
the lower cylinders, we have 

B^ + 2 Tcos 30® . sin 30® = W+ R sin 60®, 
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and therefore, by (1), 

Thus the sum of the pressures on the horizontal plane is, 
as might have been anticipated, equal to 3TF, the weight of 
the three cylinders. 

(3) A uniform beam is moveable round a hinge, wBich 
is fixed on a smooth inclined plane : the other end presses 
against a right-angled cone, of equal weight, resting on the 
plane, with which its hase is in contact : the inclination of 
the beam to the plane being the same as that of the plane to 
the horizoD, to find the inclination of the plane to the 
horizon. 

Let iJ, fig. (85), be the mutual action between the beam 
and the cone : let TT be the weight of the cone or beam : and 
6 the inclination of the plane to the horizon. 

Then, for the equilibrium of the beam, taking moments 
about the hinge, we have, 2a being the length of the beam, 

jB.2acos/^^-^]= Fa cos 2^, 

and, for the equilibrium of the cone^ resolving the forces, 
which act on it, parallel to the plane, . 

PTsin ^ = i2 sin 7^ . 

4 

' fir \ • TT 

Hence 2 sin 5 cos f ^ — ^ 1 = sin ^ cos 2^, 

2 sin 9 (cos 6 + sin 6) = cos* — sin* 0, 

2 sin 5 = cos — sin 0, tan 0=h ' 

and therefore the plane's inclination to the horizon is. equal to 
tan-'(i). 

(4) Two equal uniform rods AA\ BB", fig. (86), are 
attached to smooth hinges at -4, 5, in a horizontal, line, their 
lower ends being tied together by a fine string : & sphere is 
placed upon the two rods : to find the tension of the string. 
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Let R be the mutual action between each rod and the 
sphere at the point of contact E. Let W be the weight of 
the sphere and P of each rod. Let T be the tension of the 
string. 

Let AA' = 2a = BB\ and a = the inclination of each rod 
to the vertical. Let 2c denote the distance between A and 5, 
and 2c' = the length of the string, and let r = the radius of 
the sphere. 

For the equilibrium of the sphere, we have, resolving 
vertically, 

2iJ.sina=F, 

and, for the equilibrium of either rod, taking moments about 
its higher end, 

T .2a cos a=sJl,AE + P.a sin a. 

From these two equations we see that 

W 

T=-, — ; .^^ + iP.tana: 

4a sm a cos a 

but, from geometry, 

AE. sin a + r cos a = c ; 

hence T=W. -f — 7-= 1- i P . tan a. 

4a sm a . cos a 

The value of a is known from the equation 

c — c' 



sm a = 



2a * 



(5) ACyBG, fig. (87), two equal and uniform beams, con- 
nected by a hinge at (7, are placed on the circumference of a 
circle, the plane of which is vertical, the point C being in the 
vertical line through the centre of the circle; to find the 
position of equilibrium. 

Let Wy the weight of each beam, be supposed to be 
.<5ollected at its centre of gravity ; let iZ be the reaction of the 
circle on each beam. The action of the beam BG upon the 
beam AC must pass through the intersection E of the 
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directions of the forces R and W, which act on AC, Simi- 
larly, the action of AG upon BG must pass thYough the inter- 
section F of the directions of the forces B and W, which act 
on BG. But the points JE and F, as appears from the 
geometry, lie in a horizontal line: hence, the action and 
reaction of the two beams against each other being neces- 
sarily opposite forces, it follows that the point G must be in 
the same horizontal line with the points JE and F. 

Let z GOE= 5, r = the radius of the circle, GG = a : then, 
from the geometry, we see that 

^ _ CE_ GO tan g _ r tan 
cos d/- ^,^ ^ ^ ^^^ ^ , 

a cos' ^ = r sin ^, 
an equation which determines the position of equilibrium. 

Cor. Let 8 denote the action -of the beam GA on the 
beam GB : then we have 

R : 8 : W:: 1 : ainO : COS0, 

whence J2 = TT sec 0, 

and iS=Ftan^. 

(6) Two equal circular disks with smooth edges, placed 
on their flat sides in the comer between two smooth vertical 
• planes inclined at' a given angle, touch each other in the line 
bisecting the angle : to find the radius of the least disk which 
may be pressed between them without causing them to 
separate. 

Let R, fig. (88), denote the action of each vertical plane 
upon the disk which is in contact with it, 8 the mutual 
action between the two disks, T the action of the third disk 
upon each of the other two. Let r denote the radius of each 
of the two former disks, 0, 0, and / that of the third disk (7. 

Let j:BAG=a, zACO = 0. • 

Then, for the equilibrium of each of the disks 0, 0, we 
have, resolving perpendicularly to the line of Ts action, 

>Sco3 ^ = 5 cos (oL + 0). 
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Now it is necessary for equilibrium that 8, as given by 
this formula, be' positive : hence 

whence sin ^ < cos a, 

and therefore , < cos «, 

r (1 — cos a) < r' cos a, 

r >r (sec a — 1). 

Thus we see that the radius of the third disk must not 
be shorter than r (sec a — 1). 

(7) A string of equal spherical beads is placed upon a 
smooth cone, of which the axis is vertical, the beads being 
just in contact with each other, so that there is no mutual 
pressure between them : to find the tension of the string, and 
to deduce the limiting value, when the number of beads is 
indefinitely great. 

Let n denote the number of the sides of the horizontal 
polygon, of which the centres of the beads are the angular 
points ; let W be the weight of each bead, /8 half the vertical 
angle of the cone, R its reaction on each of the beads, T the 
tension of the string. Then, 2a denoting the angle between 
two successive sides of the polygon, we have, resolving 
horizontally the forces which act on any bead, 

2r cos a = JS cos )8, 

aod, resolving vertically, 

F=J2sini8: 

whence ^ — 



but 



hence 



M. — 


2 


cos a ' 


a = 


TT 

— a 

2 


TT 


r= 


Trcot/9 


2 


• 

. TT 

sm - 
n 



EQUILIBRIUM OF A SYSTEM OF BODIES, 97 

When the number of beads is indefinitely great,- P de-r 
noting the weight of all the beads together, 

^_ir nWcoifi Pcot/S 

STTSin - 
n 

(8) Within a cylindrical shell without bottom, standing 
on a horizontal plane, are placed two smooth spheres, the 
diameters of which are each less while the sum is greater 
than that of the interior surface of the shell : to shew that 
the cylinder will not upset, if the ratio of its weight to the 
weight of the upper sphere be greater than 2c — a — 6 to c, 
where a, b, c, are the radii of the spheres and cylinder. 

Let jR, fig. (89), be the mutual pressure between the 
cylinder and the upper sphere and JR^ between the cylinder 
and the lower sphere ; let /S be the mutual pressure between 
the two spheres : let a be the radius of the lower and 6 of the 
upper sphere, W the weight of the cylinder, a the inclination 
of the distance between the centres of the spheres to the 
horizon. 

For the equiUbrium of the upper sphere, we have, resolving 
horizontally, 

E = 8cosa * (1), 

and, resolving vertically, 

P = Ssina (2); 

whence iJ=:Pcot a (3). 

For the equilibrium of the lower sphere, resolving hori- 
zontally, 

R' = Scosa (4). 

From (1) and (4) we see that Itf = R: and therefore, the 
line of action of R being higher than that of R, R and J? 
tend to upset the cylinder about the point C of the base 
vertically below its contact with the upper sphere: and, 
when W is the least possible consistently with the equi- 
librium of the cylinder, the horizontal plane will exert force 

W. M. 7 
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on the cylinder at G. Under these circumstances we have, 
taking the moments of the forces on the cylinder about C, 

R {(a + 6)sina + a}=i?a+ TFb, 

and therefore, by (3), since R' == R^ 

W 

cos a ((a + 6) sin a + a} = a cos a -f -p c sin or, 

Wc 

(a + i) cos a = -^ : 

but, by the geometry, 

a + 6 + (a + 6) cos a = 2c ; 

hence -p- = 2c — a — 6, 

F_ 2c-a-6 

(9) Three rods, jointed together at their extremities, are 
laid on a smooth horizontal table; and forces are applied 
at the middle points of the sides of the triangle formed by 
the rods, respectively perpendicular to them : to shew that, 
if these forces produce equilibrium, the strains at the joints 
will be equal to one another, and that their directions will 
touch the circle circumscribing the triangle. 

Let ABC, fig. (90), be the triangle of rods. Let the 
strain on the end A of the rod AB meet the perpendicular 
to AB, drawn through its middle point, at the point C": 
then, for the equilibrium of AB, it is necessary that the 
strain on the end B of the rod AB shall act in the direction 
BC\ 

Since the strains in AG\ BG\ are counteracted by a force 
through G' bisecting the angle C, these strains must be equal 
to each other: in like manner we may shew that the strain 
at B is equal to that at (7, and the strain at G to that at A. 
Let 8 denote each of these equal strains; P, Q, R, the 
normal forces on BG, GA, AB, respectively. Let X, fi,^ v^ be 
the angles at the respective bases of the isosceles triangles 
BAG, GBA, AG'B; and a, B, 7, the angles of the triangle 
ABC. 
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For the equilibrium of CA^ we have, resolving at right 
angles to it, 

2 5i sin /A = Q, 
and similarly, for the equilibrium of AB^ 

2Ssini/ = i2: 

hence sin/i. : sinz/ :: Q : i2 : . 

but, since P, Q, JR, which are at right angles to the sides 
of the triangular system of rods, produce equilibrium, 

Q \ R \: GA : AB ;: sin/8 : sin 7: 

hence sin /jl : sin v :: sin /9 : sin 7, 

sin /A sin 7 = sin v sin )S, 

cos (ft — 7) — cos (jLt + 7) = cos (1/ — ^) — cos (v + ^) : 

but, from the geometry, we see that 

/A + j/ = /3 + 7, /A-7 = y8-z/: 

hence cos (/x, + 7) = cos (1/ + )8), 

fi + y = V'\'^: 

but /^ — 7 = /S — I' ; 

hence yur = ^, i; = 7; 

similarly we may shew that \ = a. 

These results shew that B'C, G'A, A*B\ the directions 
of the strains at A, B, C, are tangents to the circle which 
circumscribes the triangle ABG, 

(10) Two weights P and Q are suspended by strings tied 
round the circumferences of two rough wheels, which act 
upon an intermediate rough wheel : the wheels are moveable 
about smooth pivots at their centres, the planes of the wheels 
being vertical : to find the relation between P and Q, when 
there is equilibrium. 

Let A, B, fig. (91), be the centres of the wheels from 
which P, Q, are suspended, and G the centre of the inter- 
mediate wheel Let a, b, c, be the radii of the three wheels 
A, B, C, respectively. 



J J 

J ■< J 
-■ J • 
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Let S denote the mutual tangential action between the 
wheels A, C, and T that between the wheels jB, C. 

Taking moments, about the centre of each of the wheels, 
of the forces acting on it, we have 

Pa = Sa, Sc==Tc, Tb=Qb: 

hence JP = S, 8=^T, T^Q, 

and therefore P = Q. 

(Il) The lower extremities of two uniform straight rods, 
of equal length, are placed on a rough horizontal plane, their 
upper extremities resting against each other: to determine 
the least inclination to the horizon at which they can rest. 

The reactions of the horizontal plane on the ends -4, A\ 
fig. (92), of the rods are both inclined to the horizon, when 
the angles CAA\ CAA^ are the least possible consistently 

with equilibrium, at an angle tan"* f -j, /a being the coeffi- 
cient of friction. Let the reactions meet the verticals through 
0, Q\ the centres of gravity of the rods, at 0, 0'. Then, as 
the condition of equilibrium, the direction of the mutual 
jtctions of the two rods at (7 must pass through 0, 0'; but 
0, 0\ are in a horizontal line : hence OCO' is a horizontal 
straight line. Draw OH horizontally to meet AOdXH, Then, 
from the triangle OHG, we have 

- = tan z OHG = 7y^= r7^rt= 2 tan 6, 
fi GH \0(J ^' 

where ^ is the required inclination of each rod to the horizon ; 
hence 



*=*^"Q- 



(12) Two rough bodies, connected together by a fine 
string, rest on an inclined plane : if the coefficient of friction 
be not the same for both, to find the greatest inclination of 
the plane which is consistent with equilibrium. 

Suppose the rougher of the two bodies to be at a higher 
point of the plane than the other body : this supposition will 
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Enable the less rough of the two bodies to escape sliding for 
a greater elevation than if it were higher up the plane than 
the rougher body. 

Let Wy Wf be the weights of the rougher and less rough 
bodies respectively, -B, B^, the respective reactions of the plane 
lipon them, fi, fi, their coeflBcients of friction, T the tension 
of the string, a the greatest inclination of the plane which is 
consistent with equilibrium. 

For the equilibrium of the rougher body we have, re- 
solving parallel and at right angles to the plane, 

B = Wcos a, 
and therefore 

fi Trcosa= r+ TTsina (1). 

Similarly, for the less rough body, putting — T for T, 

^'Trcosa=-!r+TF'sina (2). 

Adding together the equations (1) and (2), we get 

(jjlW + fiW') cos a=={W+W')siTL(x, 

and therefore tan a = ttt .tit • 

W + W 

(13) A fine string, the ends of which are attached to 
points of two spheres in contact with each other, hangs over 
a smooth peg : supposing the system to be in equilibrium, 
prove that the vertical component of the pressure between 
the spheres is equal to half the difference between their 
weights. 

(14) K an inextensible string be wound round two 
spheres in contact, and be tightened so as to have a given 
tension, prove that the mutual pressure of the spheres 
is greatest when the radii are equal. 

' (15) OAy OB, are respectively the vertical and horizontal 
radii of a quadrant AB of a circle ; P and Q are two weights, 
connected by a string; P hangs freely along AO, Q rests on 
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the convex side of the quadrant: prove that there will be 
equilibrium if 



z^0Q-8in-*Q. 



(16) Two smooth horizontal cylinders, of equal radii, 
just fit in between two parallel vertical walls, and rest on a 
horizontal plane without pressing against the walls : if a third 
such cylinder be placed on the top of them, find the resultant 
pressure against either wall. 

If TF= the weight of each cylinder, the pressure on either 

W 
wall is equal to — j=r . 

(17) Two equally inclined planes are placed directly 
facing each other on a smooth table : a sphere of given 
weight is placed upon them, not touching the table, and they 
are prevented from sliding further apart by a string, which 
ties them together : find the tension of the string. 

If OL be the inclination of each plane and W be the weight 
of the sphere, the tension of the string is equal to 

\ Ftana. 

(18) The base of an isosceles triangle, without weight, 
the plane of which is vertical, rests on a horizontal plane : 
two equal uniform rods, in the same vertical plane with the 
triangle, rest against its sides and upon the plane at equal 
elevations, and are prevented from slipping by obstacles at 
their lower ends : find the pressure of the triangle upon the 
plane. 

If a = the inclination of either equal side of the triangle, 
and fi of either rod to the horizon, then, TT denoting the 
weight of either rod, the required pressure is equal to 

W 
l + tanatan/8' 

(19) A thread, passing over a hoop, fig. (93), of which 
the plane is vertical, is held to the hoop by two equal rings 
Pj, P,; and a third ring P^ equal to each of the others, hangs^ 
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on the thread between the two ; prove that, if Q be the point 
at which a tangent to the hoop, parallel to P^P^y meets the 
vertical through P,, then P^ is situated at the centre of 
gravity of the triangle P^QP^. 

« 

(20) The extremities of a string without weight are 
fastened to two equal heavy rings, which slide on smooth 
fixed rods in the same vertical plane, equally inclined to the 
vertical; and to the middle point of the string a weight 
is fastened, equal to twice the weight of either ring; find the 
position of equilibrium and the tension of the string. 

If a be the inclination of each rod, and of each portion 
of the string to the vertical, and T the tension of the string, 

tan = 2 cot a, and r= F (1 + 4 cot* a)i 

(21) If, in the preceding problem, the point to which 
the weight is fastened be not the middle point of the string, 
shew that, in the position of equilibrium, the tensions of its 
two portions will still be equal. 

(22) Two weights Pand W, connected by a fine string, 
rest on a smooth fixed sphere, ^the radii, at the points where 
they rest, making angles a, /3, with the horizon ; but, if P be 
replaced by W and W by Q, there will also be equilibrium : 
prove that 

Pcos*a= ^Cos*/3. 

If the sphere be rough, the coefficient of friction tan X, 
■and if the greatest weight which P can support be equal to 
the least with which Q can be in equilibrium, when they 
occupy the same positions as before, prove that, the string 
being regarded as smooth in relation to the sphere, 

P cos* (a - \) = Q cos* (^ + \). 

(23) Three straight tobacco-pipes rest upon a table, with 
their bowls, mouth downwards, in the angles of an equilateral 
triangle, the tubes being supported in the air by crossing 
fcymmetrically, each under one and over the other, so as 
to form another equilateral triangle : prove that the mutual 
pressure of the tubes varies inversely as the side of the last 
triangle. 
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(24) A sphere rests upon a fixed horizontal plane! two 
equal rods, connected together, at their higher ends by a 
smooth hinge, rest symmetrically across the sphere, their 
lower ends touching without pressing the horizontal plane : 
find the inclination of either rod to the vertical. 

If denote the inclination of either rod to the vertical, 

sin^=V3-l. 

(25) A rod OA, fig. (94), moveable about a hinge at 0, 
leans against a circular board, which rests on a smooth hori- 
zontal plane OG and against a vertical plane CFi find the 
pressures of the board on the horizontal and vertical 
planes. 

Let 0-4= 2a, ^AOC^ay r=the radius and Tr==the 
weight of the board, TT' = the weight of OA : then the pres- 
sures on the horizontal and vertical planes are respectively 
equal to 

F+Tr\~.co8'*a.tan~, 

r 2 

and 2W'- sin* t: cos a. 

r 2 

(26) A given uniform rod OA, fig. (95), moveable about 
a hinge at 0, presses upon a given sphere C, which is at rest 
on an inclined plane OB: supposing the angle AOB to be 
known, find the inclination of the plane to the horizon. 

Let P denote the weight and 2a the length of the rod ; 
W the weight and r the radius of the sphere, a the angle 
AOB J and the inclination of OB to the horizon : then 

2. n (X 
Sin ^ . cos a 

tan^ = 



Wr ^ . ^a . 
+ 2sin 2c . sma 



Fa • 2 



(27) Three equal spheres lie glued together, in contact, 
on a horizontal plane : a fourth equal sphere lies upon them: 
find the force exerted by the glue between each pair of the 
spheres, which lie on the horizontal plane, to prevent their 
separation. 
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W 

The required force is equal to — p , W being the weight 

3 v6 
of each of the spheres. 

(28) A smooth globe, of which the centre is C, fig. (96), 
and the weight of which is P, rests symmetrically upon the 
ends of two equal smooth rods -45, AJS ^ moveable about 
hinges at -4, JL , which are in a horizontal line, the weight of 
each rod being TT. If ^, ^, denote the inclinations of BG^ 
BAy respectively, to the horizon, prove that 

tan<^^ P+ TT 
tan^ P * 

(29) Four smooth equal spheres are at rest in a hemi- 
spherical bowl : the centres of three of them are in the 
same horizontal plane, and the remaining one rests sym- 
metrically upon the others : if the radius of each sphere be 
one-third of that of the bowl, prove that the mutual pressures 
of the four spheres are all equal. 

(30) J.P is a smooth vertical rod : equal and similar rods 
are moveable about their extremities, which are fixed at Aj 
like the ribs of an umbrella : to each of them is attached, at 
a point of which the distance from A is the same for all, a rod 
without weight, the other extremity of which is supported by 
a small ring moveable on AB : prove that the force necessary 
to raise the ring is independent of its position. 

(31) Two balls, of equal weight TT, are connected by a 
string ACDB, which passes over two tacks (7,i), in a horizon- 
tal line : a given sphere, of weight TT, being placed on the 
string at the middle point of CD, find how far A and B must 
rise before the system comes into a position of equilibrium. 

If CD = 2a, and r = the radius of the sphere, the required 
elevation of A and B is equal to 

■^.(2-V3) + ir(^-2V3). 

(32) Two spheres are supported by strings attached to a 
given point, and rest against one another : find the tensions 
of the strings. 
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' Let P, Q, be the weights of the spheres, a, h, the respective 
distances of their centres from the given point, and o) the angle 
between the strings : then the tensions of the two strings will 
be respectively equal to 



aild 



(P»a" + 2PQab cos a> + Q'6*)* ' 
Q{Q+P)h 



{QV + 2QPba cos <d + P V)i 

(33) Three horizontal levers AEB, BFG, CGB, without 
weight, the fulcrums of which are E, F, O, act upon one 
another perpendicularly at B and (/respectively, and are kept 
ill equilibrium by weights W, 2Wf at A, D, respectively : if 
AE, EB, BG, CGy GD, be equal to 1, 2, 7, 2, 3, feet 
respectively, determine the position of F and the magnitude 
of the pressure on it. 

FG is equal to one foot, and the pressure on F is equal 
to J W. 

(34) A straight weightless lever is moveable about a fixed 
point in its length, this point coinciding with the common 
vertex of two inclined planes : a particle is laid on each plane, 
and attached by a fine string to an extremity of the arm of 
the lever, the length of each string being equal to that of the 
arm to which it is attached : determine the inclination of the 
lever to the horizon when it is in a position of equilibrium. 

If a and h be the lengths of the arms, P and Q the weights 
of the particles, a and /S the inclinations of the planes to the 
'horizon, and 6 the inclination of the lever to the horizon, 

fx_c% -P^ sin* a — Qh sin' /3 
^''^"'^•Pasin2a + Q6 6in2/3- 

(35) Three rods, without weight, are connected together 
at their extremities by free hinges, and, at the middle points 
of the sides of tjie triangle thus formed, forces act, all inwards 
or all outwards, perpendicularly to the sides and proportional 
to them in magnitude : prove that, if the action of one of the 
hinges be perpendicular to a side with which it is connected, 
the triangle is right-angled. 
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(36) Three equal rods, AB, BC, CD, connected by two 
free joints at B, G, are attached by smooth hinges to two 
points Ay D, in the same horizontal line : if the rod next to 
one of the hinges make an angle a with the horizon and the 
reaction on the joint at its lower end an angle 0, prove that 

tan ^ = J tan a. 

(37) Two bars AG, BG, fig. (97), of uniform material 
and of the same thickness, are attached by two small hooks 
to two small fixed rings, A and B, in the same horizontal 
line, and their other extremities are also hooked together at 
G ; find the magnitude and direction of the force exerted at 
G ; and prove that its direction will fall without or within the 
triangle ABG, accordingly as the perpendicular from G on AB 
falls within or without the triangle. 

Let Xy be the line of action of the force at G: let 

z BAG=a, L ABG^^, i AGB=y, j. AGX^ 0, / BGY^<f>; 

let P, Q, represent the respective weights of the bars AG, BG, 
and T the magnitude of the required force. Then the magni- 
tude and direction of the required force are given by the 
equations 

^ ^ tan a — tan B cos <y . , tan 6 — tan a cos 7 

cot = 7 ^ . '-, cot d> =5 — ^ -, ' , 

tan p sm 7 ^ tan a sm 7 

^ sm0 ■ ^ sm 9 

(38) Six thin uniform rods of equal lengths and given 
weights are connected by smooth hinge joints at their 
extremities so as to constitute the six edges of a regular 
tetrahedron : one face of the tetrahedron rests on a smooth 
horizontal plane : find the longitudinal strain of each of the 
rods of the lowest face. 

If W be the weight of each rod, the required strain is 

W 
equal to — 7= . 

^ 2^/6 

(39) Two weights of similar material, connected by a 
fine string, rest on a rough vertical circular circumference, with 
which the string is in contact : prove that, if fi be the 
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coefficient of friction between the circle and the weights, and 
the string be regarded as smooth in relation to the circle, the 
angle subtended at the centre by the distance between the 
limiting positions of either weight, is equal ta 2 tajf^/u 

(40) A horizontal rod is moveable freely round its middle 
point, which is fixed at the vertex of an inclined plane : a 
weight P hangs freely from the extremity of the rod whichis 
not directly above the inclined plane, and to the other 
extremity one end df a string, the length of which is equal to 
half that of the rod, is fastened : to the free end of this string 
is attached a weight TT, resting on the plane : prove that, if 
a be the inclination of the plane to the horizon, 

P=r2Trsin"a- 

If the plane were rough, and the coefficient of friction such 
that W would just rest on it without any support, prove that 
the equilibrium would not be disturbed if P were increased 
by a weight bearing to P the ratio of cos 2a : !• 

(41) A' series of n equal balls, of different substances, 
connected together by strings, are placed on a rough plane 
inclined to the horizon at an angle a, so as to form a line per- 
pendicular to the intersection of the plane with the horizon : 
prove that, if fi^ be the coefficient of friction between the r*"* 
ball and the plane, and the system be on the point of 
dipping, 

» tan a = /tj + /i, + ^, + +/*,. 



CHAPTER IX 

MECHANICAL POWERS, 

Sect. 1. Wheel and Axle. 

(1) A MOUSE, of weight W, clings to the lower circum- 
ference of the wheel, in a wheel and axle, and so just supports 
a weight 5 W, the ratio of the radii of the wheel and axle 
being 10 to 1; to find the inclination, to the vertical, of the 
radius of the wheel which passes through the position of the 
mouse ; and to shew that the mouse is in a position of stable 
- equilibrium, but that, if it were on the upper surface of the 
wheel, at a point vertically above its present position, its 
equilibrium would be unstable. 

Let 0, fig. (98), be the common axis of the wheel and 
axle, OA being the horizontal radius of the axle from the end 
A of which the weight hangs, and OB the radius of the axle 
at the end B of which the mouse clings. Let be the 
inclination of OB to the vertical. Taking moments about 
for the equilibrium of the system, we have 

W. OB.sm0 = 5W.OA, 

and therefore, since OB = 10 OA, 

8in^ = i, ^ = -g- 

Suppose the mouse to be placed a little above its present 
position : then, the moment of W about being increased, 
the mouse will descend towards its position of rest, raising 
5 W» Again, suppose the mouse to be placed a little below its 
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present position: then, the moment of TT about being 

diminished, the weight 5 W will descend, raising the mouse 

towards its position of rest. Thus we see that the position 

of equilibrium is stable. 

* 
If the mouse cling to the wheel at a point vertically 

above -B, it will be in a position of equilibrium; but, as 

may readily be seen by reasoning like the above, it will 

recede further from its position of rest, if slightly displaced 

either way. Its latter position of equilibrium will therefore 

be unstable. 

(2) What weighty suspended from the axle, can be 
supported by l^lbs., suspended from the wheel, if the 
radius of the aJe be l^ft., and the radius of the wheel 
SJfeet? 

The required weight = 3 lbs. 4 oz. 

(3) Two men, who can exercise forces of 200 lbs. and 
248 lbs. each, work at an axle by means of two wheels attached 
to it, of 5 feet and 4 feet diameter respectively, the diameter 
of the axle being 20 inches : find the greatest weight the 
men can raise by it. 

The required weight is 1195^ lbs. 

(4) If the difference between the radii of a wheel and 
axle be eight inches, and the power and weight be as 6 to 7, 
find the radii. 

The radii of the wheel and axle are respectively 4 ft. 8 in. 
and 4ft. 

(5) If a weight TT be kept from sliding down an inclined 
plane, of inclination a, by a string, which is parallel to the 
plane, and which passes round a wheel of radius r, find the 
weight which must hang from an axle of radius r' having a 
common axis with the wheel, in order that there may be 
equilibrium. 

The required weight is equal to -7 . TTsin a. 
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(6) If there be a system of wheels and axles, such that 
the rope, which is wound round the axle of the first, passes 
over the wheel of the second, that round the axle of the second 
over the wheel of the third, and so on ; prove that the power 
applied at the first wheel is to the weight supported at the 
last axle as the product of the radii of the axles to the pro- 
duct of the radii of the wheels. 

SECt. 2. Toothed Wheels. 

Two toothed wheels work against each other : shew that, 
if the number of the teeth in one be prime to that in the 
other, before two teeth, which have been in contact once, 
come into contact again, every tooth of the one wheel will 
have been in contact with every tooth of the other. 

Sect. 3. Single Moveable Fully. 

(1) A rope passes over a puUy : from one end is suspended 
a man, who grasps the other end with both hands : to find 
the proportion of his weight sustained by each arm, when 
both hands exert the same force on the rope. 

Let W denote the weight of the man, and let P be the 
force exerted with each hand : then the tension of the rope 
will be 2P: but the whole weight of the man is sustained 
by the sum of the tensions of the two portions of the 
rope: hence 

2P + 2P=TF; P=iF; 
hence a quarter of the man's weight is sustained by each arm. 

(2) A weight TT, fig. (99), is suspended from a single 
moveable puUy, which is supported by a weight P hanging 
over a fixed pully, the strings being parallel : prove that, in 
whatever position they hang, the position of the centre of 
gravity of the weights is the same. 

(3) An endless string hangs over two pegs in the same 
horizontal plane, a heavy pully resting on each festoon of 
the string : if the weight of one pully be double that of 
the other, prove that the angle at the upper pully between 
the portions of the upper festoon must be greater than 120°. 
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Sect. 4. First System of Pullies. 

(1) In a system of three moveable puUies, where each 
pully hangs by a separate string, a weight of W pounds is 
suspended at the first pully and one of 3 TT pounds at the 
second : to find the power* 

Let T^, T^, T^t be the tensions of the strings under the 
puUies Cj, Cj,, Cj, fig. (100), respectively ; then 

But P = r, : hence the power P is equal to fTT, 

(2) To find the ratio of the power to the weight of each 
pully in the system of pullies, in which each pully hangs by 
a separate string, the pullies being of equal weight, (1) when 
there is no mechanicsd advantage, (2) when the power just 
supports the pullies. 

Let P represent the power, TTthe weight, A the weight of 
each pully, and n the number of pullies. Then, as is proved 
in systematic treatises on Statics, 

2**(P-J)= W-A. 

(1) When there is no mechanical advantage, W is not 
greater than P: but our equation shews that it cannot be less 
than P: hence W=P, and therefore 

2"(P-^) = P-A 

and therefore P = -4, or the ratio of the power to the weight 
of each pully is a ratio of equality. 

(2) When the power just supports the pullies, TF= ; 
and therefore 

P^ 2*-l 

A 2"^ • 

(3) If a weight of 160 pounds on an inclined plane, the 
height of which is 2 yards and length 10 feet, be attached to 
one end of a string which passes under a fixed pully at the top 
of the plane, and of which the other end is fixed to the 



lilECHANICAL POWERS.* llS 

lowest puUji vertically above the top of the plane, of a system 
of puUies where each pully hangs by a separate string ; to find 
the number of puUies, when a force of 6 pounds will maintain 
equilibrium, the weights of the puUies being neglected. 

The tension of the string is equal to the cpxaponent of the 
weight taken along the inclined plane, that is, to 

160 X =-7r = 96 pounds. 

. Then, putting P = 6 and 17= 96 in the formula 2*'P = F, 
where n denotes the number of the moveable puUies, we 
have 

2»x6=:9e, 2* = 16, w = 4. 

(4) To determine the relation between the radii of the 
puUies of the system, in which each pully hangs by a separate 
string and the strings are parallel,; in order that, if their 
centres be at any time in a straight line, they, may always 
continue to be so. 

Let c, Cp c,, Cj,... be the depths of the centres of the 
puUies, beginning with the highest, below a horizontal plane, 
and let r, r^, r,, r,,... be the respective radii of the pullies. 
Then, supposing the centres to be in a straight line, we 
must have 

where n denotes any one of the natural numbers. 

Suppose c to be augmented by a length a ; then c^, c^, C3,. . . 

will be respectively augmented by lengths ^, -^^, ^, 

Hence, supposing the relation (1) still to hold good, we must 



have 


a a 


• 


ia - a 2" 2"-^ 




^ rn 


whence 


1 1 

2r,~2V^' 


and therefore . 


2«-V^=:rj; 


W. M. 
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a result which shews that, r^ being the radius of the second 
pully, the radii of the rest must be 

f\ f\ r, v\ 
2' 2'* 2*' 2*'"" 

(5) In raising the weight (in a system of puUies where 
each pully hcuigs by a separate string) two inches, five feet 
four inches of string pass through the hand : to ascertain 
the number of the pullies. 

If P denote the power and Tf the weight, then, n denoting 
the number of moveable pullies, 

P : F :: 1 : 2". 

Also, a, /3, being the spaces through which P, W, respectively 
move, we have, by the principle of Virtual Velocities, 

P : W :: fi : a. 

But, by the hypothesis. 

It, in. in. 

a : )3 :: 5 4:2 
r 32 : 1. 

Hence 2* : 1 :: 32 : 1, 

2-= 2*, 

and therefore w = 5. 

(6) Supposing the number of puUies to be 3, and a 
weight of 8 pounds to be suspended from the lowest pully, and 
one of 24 pounds from the next, find the power. 

The power is equal to a force of 7 pounds. 

(7) If there be 5 pullies, find what powcar will support 
a ton. 

The required power is a force of 70 pounds. 

(8) In the system of pullies, in which each hangs by 
a separate string, and the strings are parallel, if there be six 
moveable pullies, what weight will balance another of 28 
pounds acting as the power ? 

The required weight is four-fifths of a ton« 
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(9) What force will support a weight of 60 lbs. "by means 
of a system of six pullies, in which each puUy hangs by a 
separate string ? 

The required force is one of 15 oz. 

(10) In a system of four pullies, where each hangs by 
a separate string, the weight supported is 28 lbs.: what is 
the power ? 

The required force is 1 lb. 12 oz. 

(11) In a system^ of five pullies, in which each pully 
hangs by a separate string, the stress of the string downwards 
on the lowest block but one is 80 lbs. : find the weight 
supported and the power exerted. 

The weight supported is 160 lbs. and the power exerted is 
5 lbs. 

(12) Supposing a power of 3 pounds to sustain a weight 
of 48 pounds, find the number of the moveable pullies. 

There must be four such pullies. 

(13) If there be three pullies, in a system where each 
hangs by a separate string, and if the weight of each be one 
pound ; find the power which wUl support a weight of 
nme pounds. 

The required power is a force of two pounds. 

(14) In a system, where 3 pullies hang by separate 
and parallel strings, a weight of 3 pounds is attached to 
the highest, 4 pounds to the next, and 5 pounds to the lowest 
pully : find the power required to sustain equilibrium. 

The required power is a force of 3 pounds 2 ounces. 

(15) In a system of pullies, in which each pully hangs 
by a separate string, there are three pullies of equal weights : 
the weight attached to the lowest is 32 lbs, and the power is 
11 lbs. : find the weight of each pully. 

The required weight is 8 lbs, 

8—2 
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(16) If the weight of the puUies, reckoning from the one 
nearest to TT, increase in a geometric progression, the common 
ratio of which is 2, prove that, Q being the weight of the 
lowest puUy, 

P = y+|.(2"-2-). 

(17) Prove that there is a mechanical advantage in the 
system of puUies in which each hangs by a separate string, if 
the weight to be supported exceed the weight of the heaviest 
puUy. 

(18) Prove that there will be no mechanical advantage 
in the system of puUies in which each hangs by a separate 
string, unless, W being the weight supported, and w^, w^, w^ 
f^.w^y the weights of the moveable pulhes, 

be positive. 

Sect. 5. Second System of PuUies, 

(1) To find the greatest weight which a force of P pounds 
can raise, in the system of pullies where the same string 
passes round all the pullies, supposing the weights of the 
pullies on the lower block to be as the natural numbers, and 
the least of them to weigh JP pounds. 

Let n represent the number of the pullies on the lower 
block: then, TF being the weight raised, we have, observing 
that there will be 2n strings at the lower block, 

27iP= TT + iP (1 + 2 + 3 + + n) 

TF=iP.w(7-n). 

Substituting successively 1, 2, 3,... for n, we shall see that W 
will be greatest when n is equal to 3 or 4, its greatest value 
accordingly being 3P, . 
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(2) If there be twelve strings at the lower block, in a 
system of puUies in which the same string passes round all the 
puUies and in which the parts between the pullies are parallel, 
find the weight which a power of ten pounds will support, the 
weights of the pullies being neglected. 

The required weight is 120 lbs. 

(3) In the second system of pullies, a platform is 
suspended from the lower block : prove that a man of 
weight W, standing on the platform, may support himself 

771 -J- 1 

by exerting on the string a force equal to r- . W, where 

n is the number of strings and mW the weight of the platform 
and lower block together. 

Sect. 6. Third System of Pullies. 

(1) In the system of pullies in which each of the strings, 
supposed parallel, is attached to the weight, if the power 
be equal to the weight of the lowest puUy, and if each 
puUy weigh three times as much as the one immediately 
below it, to find thfe ratio of the tension of each string to the 
weight of the puUy over which the string passes. 

Let P be the power ; w^, w^, m?,,...^^, the weights of the 
pullies, beginning with the lowest; and t^, t^^ ^8»*««^»i *^6 
tensions of the strings respectively passing over them. Then 

t^==2t, + w^, . 

/3 = 2«3+W, = 2«3 + 3W,, 



t. = 2^1 + y^n-t = 2^1 + 3-»to,. 

Multiplying these equations in order by 2**"*, 2*^,2""*,...2^ 
adding and cancelling common terms on the two sides of the 
resulting equation, we have 

f, = 2'*:*^, + (2"-* + 2"-«.3 + 2"-*.3»+...^3*»-»).Wi 



118 MECHANICAL POWERS. 



(T -1 



= 2"-'«, + (S"-* - 2"-^) . w, : 
but «, = P = w, : 

hence «, = 2*^ w, + (3-* - 2""*) w, 

that is, the weight of each pully is equal to the tension of the 
string passing over it. 

(2) If it is required to raise a weight equal to three times 
the power, how many strings must there be ? 

The number of strings must be two. 

(3) If the weight of the lowest pully, in that system of 
pullies in which all the strings, n in number, are attached to 
the weight, be equal to the power P, of the next lowest, to 
3P, and so on, that of the highest moveable pully being 
3""'P, prove that P is to Tf as 2 to 3"- 1. 

Sect. 7. The Screw, 

(1) To determine the direction of application of a given 
power at the extremity of a given arm, so as to support the 
greatest weight on a rough vertical screw. 

Let W be the weight supported on the screw, when it is 
on the point of motion, fi the coefficient of friction, a the 
inclination of the screw to the horizon, P the given power, B 
the normal reaction exerted by the groove at any point on 
the thread of the screw. It is evident that, to be most 
eflfective, P's direction must be at right angles to the arm : 
let <l> be its inclination to the horizon. 

Then, resolving vertically, we have 

TF'=2(i2cosa + /APsina) +Psin <f> 

=» (cos a + /* sin a) S (E) + P sin^, 
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and, taking moments about the axis of the screw, a being the 
length of the arm and r the radius of the cylinder, 

P cos ^. a = 2 (iJ sin a. r—/LtB cos a . r) 
= r (sin a — /» cos a) . 2 (JB). 

Eliminating 2 (i2) between these two equations, we ' see 
that 

Pa cos ^ (cos a -f /xsin a) = r (TT— P sin if>) (sin a — /icos a), 

•or of- J..* . cosa4-/*sina) 

Tr =PismAH — cos* k 

( ^ r ^ sm a — /* cos aj 

and therefore, putting fi = tan €^ 

Tr= P {sin ^ + - COS ^ cot (a — e)}. 

TT a 

Putting -p =/, and - cot (a — c) = g^ we see that 

/=8in^+5rcos^, 

/• — 2/sin if> + sin* ^ = 5^* cos" ^, 
(l+/)8in*^-2/sin^=/-/« 

{(1 +f) sin^ -/}• = (g' -D (1 + flr^ +/* 

This equation shews that^ when / is the greatest 
possible, 

and (l+/)8iii^=/: 

hence (1 + /)* sin* ^ = 1 + 5f*, 
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and therefore 

cot (f) =g = - cot (a — e). 

(2) Construct a screw such that a force of 112 lbs., 
actmg on an arm of ten times the radius of the screw, may 
raise 5 tons. 

• ■ * ' • 

Th6 screw must be so constructed that the vertical distance 
between two threads may be equal to one-tenth of the circum- 
ference of a circular sectionof the cylinder. 

(3) If the coeflScient of friction of a rough screw be J, 
find the least number of turns which may be g^ven to the 
thread in order that a weight may be supported on the screw 
without the action of any power, the cylinder being 2 feet in 
length and 6 inches in circumference. 

The required number of turns is ». 

(4) K the inclination of a screw be -y, tane the coeffi- 
cient of friction, P the least horizontal power which will 
prevent the weight from descending, P' the greatest which 
can be applied without its rising, prove that 



P + P 



= sin 26. 



Sect. 8. Common Steelyard. 

(1) "Two graduations on the longer arm of a common 
steelyard are 1 inch apart for a difference of 1 lb. : the 
fulcrum is 3 inches from the point to which the scale is 
attached, and 9| inches from the graduation indicating 10 lbs. : 
to determine the moment of the beam. 

Let G (fig. 101) be the fulcrum, W the weight of the 
substance in the scale hanging from the end Ay P the 
moveable weight, suspended from & point E. Let B be the 
origin of the graduations. Then, as is shewn in Treatises on 
Statics, . , 

P.BE^W.AC. 
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Hence, since BE = 9| inches when Tr = 10 lbs., 

P.(5(7+9i) = 10x3 (1). 

Again, since BE increases by 1 inch when W increases by 
1 lb., we have also 

P.(-B(7 + 10i) = llx3 (2). 

From (1) and (2) we see that P= 3, and therefore 

P. -BO being, as is shewn in Treatises on -Statics, equal to 
the moment of the beam about (?• 

(2) Shew that, if a common steelyard be constructed 
with a given rod, the weight of which is inconsiderable com- 
pared with that of the sliding weight, the sensibility varies 
inversely as the sum of the sliding weight and the greatest 
weight which can be weighed. 



CHAPTER X 

HISCELIuilfEOUS PBOBI.EMS. 

(1) Two small smooth rings, of equal weight, are move- 
able along a fixed elliptical wire, of which the axis major is 
vertical, and are connected by a fine string passing over a 
smooth peg at the upper focus : prove that'the rings will rest 
in whatever position they may be placed. 

If iS'be the upper focus, -4(7 the semi-axis major, and P, 
P\ simultaneous positions of the rings, their depths below 
the directrix are equal to 

8G ' SC ' 

and therefore the depth of their centre of gravity below the 
directrix is equal to 

ff^.(8P+8n 

which, SP-hSP' being the length of the string, is a constant 
quantity. The system of the two rings is therefore equivalent 
to that of their two weights condensed at their centre of 
gravity and supported on a rigid smooth line parallel to the 
directrix. Thus, as far as equilibrium is concerned, we may 
conceive P8P' as a weightless triangle, every position which 
it can assume consistently with the geometry being therefore 
one of rest. 

(2) A certain force will balance two equal forces P, P, 
acting at a point 0, when a is the angle between their direc« 
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tions, and will balance two equal forcQS Q, Q, when fi is the 
angle between their directions : prove that 

p_cos| 
Q~ a 

(3) Three forces act on a body along the three sides 5 (7, 
CAj AB, of a triangle, to which they are respectively propor- 
tional : prove that these three forces are equivalent to two 
equal forces acting, in opposite directions, in parallel lines. 

(4) Find the length of a horizontal rod of uniform 
density, every foot of which weighs a pound, when it is 
balanced by 40 pounds at a distance of one foot from a 
fulcrum, the distance of which from the middle point of the 
rod is four feet. 

The required length is 10 feet, 

(5) A sphere, the weight of which is W and radius a, is 
supported on a plane, the inclination of which is a, by a 
string, fastened at one end to a point in the surface of the 
sphere, passing over a small pully at the top of the plane, and 
supporting at its other end a weight P : find the position of 
equilibrium. 

When the sphere is in a position of equilibrium, the 
distance of its point of contact from the pully is equal to 

Wa sin a 

(P»«lf«sin«a)^' 

which shews that the equilibrium is impossible unless P be 
greater than W sin a, 

(6) Two weights, P, Q, are attached to the extremities of 
a weightless quadrantal arc resting on its convex part on a 
horizontal plane: prove that the inclination of the chord 
of the arc to the horizon is equal to 

*^^ p+q; 
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^ (7) A rope AB, of given length and in q. given state of 
tension, connects a point B of the trunk of a tree CD with a 
point J. in a horizontal line passing through the base (7 of the 
tree : find the position of AB in order that the effect of the 
rope to break the tree abqut C may be the greatest possible. 

The rope must be inclined to tte ground at an angle of 

(8) A weight is placed upon a smooth inclined plane : 
shew that it is impossible for a force acting at right angles to 
the plane, to produce equilibrium. 

(9) To a wheel, moveable about its centre in a vertical 
plane, are attached three weights of 1, 2, 3, pounds, at three 
equidistant points in the circumference : as it turns round, find 
when the moment of the weights about the centre is greatest. 

The moment will be greatest whenever the weight of 1 
pound is at its greatest distance from a diameter of the wheel 
which is inclined to the horizon at an angle of 60^ 

(10) A rod is supported horizontally by two props, at 
given distances from its centre of gravity : find the pressure 
on each. 

If a, 6, represent the two distances, P, Q, the corresponding 
pressures, and W the weight of the rod, 

P = l^ = —. 
a + 6' a + 6' 

(11) In a heavy false balance a weight P appears to 
weigh Qy a weight P" to weigh Q, and a weight P" to 
weigh Q' : prove that 

FQ" + F'Q + Pq = P" q + PQ" + FQ. 

(12) ABG is a triangular lamina, the weight of which is 
9 lbs. AD bisects P(7 at D, and DA is produced to P, AF 
being equal to AD. If AF be a weightless rod, rigidly 
connected with the lamina ABG, what weight must b^ 
suspended at F to balance the lamina about a fulcrum at A ?. 

A weight of 6 pounds. ^ 
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' (13) The upper end of a uniform rod, attached at its 
lower end to a smooth hinge on a horizontal plane, rests 
against an inclined plane supported on the horizontal plane : 
determine the horizontal force which must be applied to the 
inclined plane to prevent its sliding. 

. If a be the inclination of the plane and of the rod 
.to the horizon, and W the weight of the rod, the require^ 
horizontal force is equal to 

W 

cot a 4- tan )8 ' 

(14) If a set of forces, acting on a body along the sides, 
taken in order, of a plane polygon, be proportional to the 
sides, shew that their tendency to turn the body about 
an axis, perpendicular to the plane of the polygon, is the 
same through whatever point of the plane the axis passes. 

(15) A triangular lamina ABC is moveable in its own 
plane about a point in itself: forces act on it along and 
proportional to BC, GA, BA: prove that, if these forces 
do not move the lamina, the point must lie in the straight 
line which bisects BO and CA, 

(16) Two equal and uniform rods, equally inclined to 
the horizon and connected together by a smooth hinge at 
their higher ends, pass through two fixed rings in a horizontal 
line : given the lengths of the rods and the distance between 
the rings, to find the inclination of either rod to the vertical, 
when they are in a position of equilibrium. 

If a be the length of either rod, b the iist^noe^heiween 
the rings, and the inclination of either rod V-the vertical, 



sin 



-©*• 



(17) A weightless inclined plane, the base of which is 
rough and the inclined face smooth, is placed upon a rough 
horizontal plane: shew that, if the angle of the inclined 
plane be less than tan"* /tt, fi being the coefficient of friction 
between the surfaces in contact, no force, applied to the 
inclined face, will be able to move the inclined plane. 
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(18) A string ABCDEP, fig. (102), is attached at one 

end to the centre ^ of a fixed puUy, the radius of which is r : 

it then passes over a fixed point B, and under the pully, 

which it touches at the points C and D : it afterwards passes 

over a fixed point £, and supports a weight P at its extremity : 

5 . . ' 

£E is horizontal and equal to -^r, and DE is vertical: 

o 

supposing the system to be in equilibrium, find the weight of 
the pully and the distance AB, 

The weight of the pully == s -^ ^^d AB = — ^ . 

(19) A triangular lamina ABC hangs at rest from its 
angular point A : find the inclination of tne opposite side to 
the horizon. 

If be the required inclination, 

tan^ = ^(cotJ5'-cotO). 

(20) An endless string supports a system of equal heavy 
puUies, the highest one of which is fixed, the string passing 
round every pully and crossing itself between each. If 
«> ^> 7v be the inclinations to the vertical of the successive 
rectilinear portions of the string, prove that cos a, cosjS, 
cos 7,... are in arithmetical progression. 

(21) Three uniform rods, rigidly connected in the form 
of a triangle, rest on a smooth sphere the radius of which is r: 
prove j^hfit the inclination of the plane of the triangle to the 

horizon 4s §qii|d;t(v tan"* ( - ) , where d is the distance between 

the centres of the circles inscribed in the triangle itself and 
in the triangle formed by joining the middle points of the 
rods. 

(22) A uniform rod is held at a giveu inclination to • 
a rough horizontal table, by a string attached to one of its 
ends, the other end resting on the table : find the greatest 
angle at which the string can be inclined to the vertical, 
without causing the end of the rod to slide along the table. 
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If a be the inclination of the rod to the table, and tan e 
the coefficient of friction, the required angle is equal to 

cof* (cot € + 2 tan a). 

(23) A wire without weight is bent into the form of an 
arc of a circle : to one extremity is fixed a particle, and at the 
other is placed a centre of force which attracts the particle 
with a force equal to its weight : the arc rests in a vertical 
plane upon a rough horizontal table : prove that the arc is a 
semicircle. 

(24) A picture is hung up against a rough vertical wall 
by a string fastened to a point in its back, so that the 
picture inclines forwards : apply the principle of the triangle 
of forces to find the inclination of the string to the wall, when 
its tension is the least possible. 

If tan € be the coefficient of friction, the required inclina- 
tion is equal to e. 

(25) A circular cylinder is in contact with a horizontal 
plane and a vertical wall, its axis being parallel to their 
intersection, and a second cylinder of given weight is placed 
between the upper part of the first and the wall : determine 
the least horizontal force which must be applied to the lower 
cylinder in order that the system may remain at rest, all the 
surfaces in contact being equally rough. 

If TT be the weight of the upper cylinder, a the angle at 
which the distance between the axes of the cylinders is 
inclined to the horizon, and /t the coefficient of friction, the 
required force is equal to 

(1 — fi) TFcos a 
sin a + /i (1 + cos a) 
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CHAPTER I. 

FREE RECTILINEAR MOTION. 

Sect. 1. Uniform motion. 

(1) Two candles, which will bum for four and six hours 
respectively,, are placed in candlesticks a foot high and a foot 
ia-part, and are lighted at the same moment. The shadow of 
the shorter is received on the table on which the candlesticks 
stand ; that of the extremity of the longer on a vertical wall, 
ten feet distant from it, and perpendicular to the plane of the 
candles. Supposing each candle to be originally a foot long, 
to find the velocity of the extremity of the shadow of the 
longer: to find also the mean velocity of the extremity of the 
shadow of , the shorter, during the last hour in which it 
is burning. 

Let AB, A'E.iig, (103), be the candlesticks, BG, EG, 
the lengths of the candles at th-e end of t hours from 
the moment of lighting, and K, i, the extremities of the 
shadows of the longey and shorter candles respectively. 

Let BC = X, EG ^y,AL^ a, EK= b. Then 

Also, by similar triangles, 

b—y — l _y + l_a? + l 
10 '"oTi a"' 
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Hence, substituting for x, y, their respective values in 
terms of t^ we have 

12~< ^8~< 

and -^ = (2). 

15 a ^ ' 

From (1) we see that 

24a - 2a^ = 24a - 3a< + 24 - 3e, 

24 
and therefore ^~~7 — ^ (3). 

From (2) and (3) there is 

66 + <-12 ^<(8-0^^ 
15 "3(8-0"3' 
66 + ^-12 = 5^, 

6 = 2 + |« (4). 

The equation (3) shews that a = 5 when ^ = 3, and that 
a = 3 when f = 4: hence the extremity of the shadow of 
the shorter candle describes 2 feet in the last hour: its 
mean velocity is therefore, during the last hour, 2 feet 
per hour. 

Again, the equation (4) shews that the extremity of the 
shadow of the longer candle moves with a uniform velocity of 
8 inches per hour. 

(2) One body moves through 40 feet in 3 seconds, and 
another through 25 yards in 6 minutes: compare their 
velocities. 

The velocity of the former body is 64 times as great as 
that of the latter. 

(3) What is the ratio of the velocity of light to that 
of a cannon ball, which issues from a gun with a velocity 

W. M. o 
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of 2400 feet per second, light passing from the Sun to 
the Earth, a distance of ninety-one millions five hundred 
thousand miles, in 8^ minutes ? 

The required ratio is 402600. 

(4) A person travelling eastward, at the rate of 4 miles 
an hour, observes that the wind seems to blow directly from 
the north, and that, on doubling his speed, it appears to come 
from the north-east : determine the direction of the wind, 
and its velocity. 

The wind blows from the north-west with a velocity of 
4 J 2, miles an hour. 

(5) Two bodies move uniformly along two straight lines 
from their point of intersection, their velocities being inversely 
proportional to their masses: shew that their centre of 
gravity describes the line bisecting the angle between them, 
and determine its velocity. 

If u, V, denote the velocities of the two bodies, and © the 
angle between their paths, the required velocity is equal to 

2cos^ 

ITT- 

U V 

(6) ABO is a triangle: i;wo spheres start together from 
A, jB, their centres moving along AG, BO, with velocities 
which would carry them separately to in the same time : 
find the distance each has gone through when they meet.. 

If a, 6, c, be the sides of the triangle, and r, s, the 
respective radii of the spheres, the required distances are 
equal to 

c ^ 
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Sect. 2. Uniform Acceleration, 

(1) Through how many inches does a particle, let 6JI 
from rest, descend in the first half-second of its motion ? 
If it were to move uniformly during the next half-second with 
the velocity thus acquired, through what space would it move 
4uring that interval ? 

1 1 

Putting < = ^ , and ^r = 12 x 32*2, in the formula s = c%g^» 

we see that the number of inches in the descent is equal to 

Jxl2x32 2x^ = 3x 161 = 48-3. 
2 4 

The space which would be described in half a second, with 
the velocity acquired in half a second, is equal to 

—zr- X - feet = 8*05 feet. 
2 2 

(2) If a body be projected vertically upwards, with a 
velocity S^r, to find the time in which it will rise through the 
height lA^g. 

Let t denote the required time : then 

^-16^ = -28, 

^-16^ + 64 = 36, 

<=8±6, 

^ = 2 or = 14. 

Hence the body will arrive at the height l^g after 2 seconds, 
and, after reaching its greatest altitude, v/ill descend to the 
same point, the whole interval between its projection and 
second arrival at this point being 14 seconds. 

(3) A body, falling to the ground, is observed to pass 

8 
through ^ths of its original height in the last second : find 

o • * 

the height. 

9—2 
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1 



Let h = the original height, and t = the whole time of the 
descent: then 



"0'- '-(i)'- 



and therefore 



(D'-Kf)'-' 



2 



9 
A = ^ gr = 36 feet nearly. 

(4) A body, falling in vacuum under the action of 
gravity, is observed to describe 144*9 feet and 177*1 feet in 
two successive seconds; to determine the accelerating force of 
gravity, and the time from the beginning of the motion. 

Let u represent the velocity of the body at the beginning 
of the two seconds during which its motion is observed : then, 
by the formula for falling bodies, 

5 = rt + igf, 

putting ^ = 1, V=u, and «= 144*9, we have 

144*9 = w + isr.. (1). 

Again, at the beginning of the second of the two seconds, 
the velocity of the body is u-^g: hence, putting, in the 
standard formula, t = l,8= 177*1, and V= w + gr, we obtain 

I77i = w+5r + iflr (2). 

Subtracting (1) from (2), we get 

g = 32*2, 

and therefore, by (1), 

u = 144-9 - 161 = 128-8. 



i 
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Let t denote the number of seconds from the beginning 
of the motion to the beginning of the first of the two seconds : 
then 

(5) A constant force acts upon a body from rest during 
3 seconds and then ceases: in the next 3 seconds it is found 
that the body describes 180 feet : to find both the velocity of 
the body at the end of the 2nd second of its motion and the 
numerical values of the accelerating force, (1) when a second, 
(2) when a minute ifl taken as the unit of time. 

Let V denote the velocity acquired at the end of 3 seconds, 
and y the accelerating force, a second being taken as the unit 
of time. 

Then 3F=180, F=3/, 

and therefore f=^ 20 feet 

Also the velocity, at the end of two seconds, is equal to 
2/= 40 feet. 

The velocity which would be acquired from rest in one 
minute, under the action of the accelerating force, is equal to 
60^=5 1200 feet : hence the body would describe in one minute, 
with the velocity acquired in one minute, a space equal to 
72000 feet. Therefore, if a minute instead of a second be 
taken as the unit of time, the accelerating force will be equal 
to 720O0 feet. 

(6) A particle descends under the action of gravity and 
describes, in the n^ second of its fall, a space equal to p times 
the space described in the last but»: to find the whole space 
fallen through from rest. 

Let 8 = the whole space fallen through and t = the whole 
number of seconds. 

The velocity acquired at the beginning of the n^ second 
is (n — 1) ^ : hence the space described in the n^^ second is 
equal to 



134 FREE RECTILTNEAR MOTION. 

Again, the velocity acquired at the beginning of the last 
second but w, that is, at the end of the (^ — n — 1)*** second, is 
equal to {t-^n — l)g, and, accordingly, the space described, in 
the last second but n, is equal to 

Hence, by the hypothesis, 

2p«=2n-l + (2n + l)i?; 
and therefore 

(7) A body is projected vertically upwards with a velocity 
4gr : after two seconds suppose gravity to cease to act for one 
second, and then to be doubled : to find the greatest height 
to which the body ascends, and the velocity when it returns 
to the point of projection. 

At the end of two seconds the body has an upward 
velocity equal to 45r — 2^^ = 2g, its height being equal to 

ig x2'-ig x4i = 6g. 

At the end of three seconds, it still has an upward 
velocity 2g, its height being* equal to 

6g + 2g=-Sg. 

If h denote the additional height acquired, before the 
motion ceases, 

{2gyr-2x2gxh, 

whence h = g. 

Thus the greatest altitude at which the body arrives, 
above the point of projection, is equal to 

e9 + ig+g--9g. 
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Let y denote its velocity, when it again reaches the point 
of projection : then 

F' = 2 X 2^ X O^r, 

and therefore F= %g, 

(8) A particle, projected in the direction of a uniform 
force with a velocity w, after describing a space s acquires an 
additional velocity v : it acquires a second additional velocity 
v, after describing an additional space 25 : to find the ratio 
between u and v. 



We have 


(t^ + i;y = w' + 2/». 


and 


(2 + 2v)» = w* + 6/i, 


and therefore 


• 




3(w + i;)'-(i^+2?;)' = 2< 


• 


2wt;-t;* = 0, 


whence 


u \ v w \ \ % 



(9) A body has fallen from A to -B, when another body 
is let fall from (7, a point lower than B in the same vertical 
line : how far will the latter body fall before it is overtaken 
by the former ? 

Let -4jB=a, 5(7=6. Then, at the instant when the 

latter body is let go, the velocity of the former body is i^gd) • 
Since gravity cannot aflfect the relative velocity of the two 

bodies, (^gay is therefore always their relative velocity: 
hence, 6 being their initial distance, and t the time between 
the commencement of the second body's motion and the col- 
lision of the two bodies, 



(25ra) 



V 



Hence the space fallen through by the latter body is 
equal to ^^^"'ia' 



136 FREE BECTILINEAB MOTIOK. 

The solution may be eflfected also in the following manner. 
Let 8 be the required fall of the latter body : then 

8 = yf, 

and, h + 8 being the space described by the former in the 
timet, b + 8=^{2ga)^t'\-i^, 

and therefore h = {2gay t, « = t" • 

(10) A body moves in a straight line, its velocities being 
Vj, Vj, Vg, ... after inteiTals of one second each : in what case 
is the force uniform, and what is then its measure ? 

The velocities v^, Vj, v, ... must form an arithmetical pro- 
gression, the measure of the force being the common dif- 
ference. 

(11) If a body fall from rest through 144 feet, determine 
the time of the motion. # 

The required time is approximately equal to 3 seconds. 

(12) A body, dropped from the top of a tower, the height 
of which is 60 feet, reaches the bottom of a well, at the foot 
of the tower, in 3 seconds ; find the depth of the well. 

The depth of the well is 84-9 feet. 

(13) Determine the height through which a body will 
fall in two seconds and a half, and the velocity acquired. 

The required height and velocity are respectively, in feet, 
100-625 and 805. 

(14) A, B, C, D, are points in a vertical line, the lengths 
AB, BG, CD, being equal : if a body fall from A, prove that 
the times of describing AB, BG, CD, are respectively as 

1 : ^/2"-l : Js^jl. 

(15) A body describes in successive intervals, of 4 seconds 
each, the spaces 24 and 64 feet, in the same straight line : 
determine the accelerating force and the velocity at the be- 
ginning of the first intervS. 
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The measure of the accelerating force is 2 feet 6 inches, 
and the measure of the required velocity is one foot. 

(16) A particle mov.es over 7 fe^t, ix^ the first second of 
the time during which it is observed, and over 11 and 17 feet 
in the third and sixth seconds respectively : prove that these 
facts are consistent with the supposition of its being subject 
to the action of a uniform force. 

(17) A body, starting with a given velocity, moves for a 
given time under the action of a uniform force in the direction 
of its motion : shew that an equal space would be described 
by a body moving uniformly during the given time with a 
velocity equ^l to half the sun^ of the initial and final veloci- 
ties of the first body. 

(18) A falling body is observed, at one portion of its 
path, to pass through n feet in r seconds: find the number of 
feet described in the next r seconds. 

The required number of feet is equal to n. + gr^» 

(19) The velocity of a falling body is u, at first, and v, at 
the end of t seconds : shew that the space described is equal 
to 

^t {u + v). 

(20) K 8, Tiis, be the spaces described by a body in times 
ty nt, respectively, determine thie magnitude of the accele- 
rating force and the velocity of projection. 

The accelerating force and velocity of projection are 
respectively equal to 

2 (m — n) 5 , m — n* 8 
w(ri-l)'?*'^^n(l-7i)'r 

(21) If the number of units of space, described by a 
body in the last second of itiS fall, be to the number of units 
in the final velocity, as 8 to 9, for how many seconds does the 
body faU ? 

The time of falling is 4^ seconds. 
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(22) A body, acted on by a uniform force, has described 
100 feet from rest in 2 minutes : in what time will it pass 
over the next 125 feet ? 

The required time is one minute. 

(23) Supposing gravity to act on a body during the 1st, 
3rd, 5th, &c., seconds and not during the 2nd, 4th, &c. : shew 
that the space described from rest in 2t seconds is equal to 

igt {2t + 1).] 

(24) A stone, dropped into a well, is heard to strike the 
water after t seconds : find the depth of the surface of the 
water, the velocity of sound being assumed as known. 

1i u=i the velocity of sound, the required depth is equal to 

u 



{(^-)- 



(25r)*: 

(25) The velocity of a body increases from ten to sixteen 
feet per second, in passing over thirteen feet under the 
action of a constant forde: find the numerical value of the 
force. 

The numerical value is 6. 

(26) Since {2fsy is the velocity generated by an accele- 
rating force /in a body moving through a space s, when there 
is no initial velocityj therefore, by the second law of motion, 

u + (2/»)* is the velocity, after motion through 5, when there 
is an initial velocity u. Point out tte fallacy in this argu- 
ment. 

(27) A body is projected vertically upwards with a velo- 
city of 25 feet : determine its height and velocity at the end 
of two seconds. 

At the end of 2 seconds the body is descending with a 
velocity of 39*4 feet, atid its depth below the point of projec- 
tion is 14*4 feet. 

(28) A body is projected vertically upwards with a velo- 
city of a hundred feet : determine its altitude of ascent at the 
end of two seconds. 

• 

The required altitude is equal to 135*6 feet. 
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(29) A body is projected vertically upwards with a velo- 
city of a hundred feet : determine the greatest height to 
which it will ascend, and the time of ascending to this 
height 

The required height is 155*28 feet and the required time 
of ascent is 3*1 seconds, approximately. 

(30) A body is projected vertically upwards with a velo- 
city of Sg feet : find its height and velocity at the end of four 
seconds. 

The required height is itg feet, and its velocity, which is 
downward, is one of g feet. 

(31) A body is thrown vertically upwards with a velo- 
city Sg : at what times will its height be ^Lg, and what will be 
its velocity at these times ? 

It will be at the height 4^^, first, jtt the end of two 
seconds, and, again, at the end of four seconds i its velocity at 
both these instants is ^r, being Upward at the end of two 
seconds and downward at the end of four'. 

(32) A body is projected vertically Upwards with. a velo- 
city which will carry it to a height of 2g feet : aftef how long 
a time will it be descending with velocity g ? 

After an interval of 3 seconds. 

(33) It is said that, on one of the asteroids, a man, who 
on the Earth could leap a height of 6 feet, could jump 60 feet 
high : compare the attraction of the asteroid on its surface 
with the force of terrestrial gravitation. 

The Earth's attraction is ten times as great as that of the 
asteroid. 



CHAPTER II. 



PBOJECTILES. 



Sect. 1. Motion resolved horizontally and vertically. 

(!) To prove that the time of describing any portion PQ 
of the parabolic path of a body, acted on by gravity, is pro- 
portional to the difference of the tangents of the angles 
which the tangents at P and Q make with the horizon. 

Let F, V\ be the velocities of the body at P, Q, re- 
spectively, a, a\ being the inclinations of the tangents at 
these points to the horizon. Let u = the horizontal velocity 
of the body, and <p= the time of describing the arc PQ. 

Then Fcosa = w= F'eosa', 

and F' sin a' = Fsin a — gt. 

From these equations we see th^t 

^ = - (tan a — tan a*) ; 
9 ^ 

hence t x tan a — tan a\ 

(2) If tbe velocities at two points of the path of a pro- 
jectile be given, find the difiierence of their altitudes above a 
horizontal plana. 

Let Uf V, be the horizontal and vertical components of the 
velocity at a»y point A of the path, v' being the vertical 
component at a point P, h feet higher than A. The hori- 
zontal component will be the same at both points. 
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Now v'* = t;' — 2gh, 

and, if Fbe the whole velocity at P, 

yt^u' + t/': 

hence F' = w' + v' — 2gh. 

Similarly, V being the velocity at a point P', A' feet 
higher than -4, 

F» = u» + i;«-2^A'. 

Hence F* -- F' = 2^ (A' '-A), 

and therefore the difference of the altitudes of P, P, above a 
horizontal plane, is equal to 

(3) If the focus of the path of a projectile be as much 
below the horizontal plane through the point of projection, as 
the highest point of the path is above it ; to find the angle 
of projection. 

If F be' the velocity and a the angle of projection, the 
greatest altitude is equal to 

T sin' a 

Also the distance between the vertex of th« path and the 
focus is equal to a quarter of the latus rectum, that is, to 

F cos' g 

Hence, ty the hypothesis, 

F* sin* a _ 1 P cos* a 
2<7 ~ 2 • ^ ' 

whence tan* « = 5 . 



='*°- Ci) • 



AH = 
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(4) Particles are projected from the same point in the 
same direction, but with different velocities ; to find the locus 
of the foci of their paths. 

Let 0, fig. (104), be the point of projection, A the vertex 
of the parabolic path, 8 its focus, OH half the horizontal 
range. Join 08. Let F=the velocity and a = the angle of 
projection. 

Then 

. r, V cos* a 

F* sin' a 

%9 ' 

F* 

and therefore E.8^ ^r- cos 2a. 

^9 
Also OH^'^1^. 

Hence, 6 denoting the angle 80Hy 

tan = cot 2a. 

This result shews that the locus of* /S is a straight line 
through making an angle with OH equal to ^tt — 2a. 

(5) If a body be projected in a direction inclined to the 
horizon, to prove that the time of moving between two points 
at the extremities of a focal chord of the parabolic path is 
proportional to the product of the velocities of the body at 
the two points. 

Let P, P\ fig. (105), be the ends of any focal chord P8F : 
draw PH, P'H\ 8K, vertically, to meet the directrix at 
H, H\ K. Let z P8K = ^, « = the time from P to P', u = the 
horizontal component of the body's velocity. Also, let Vy F', 
denote the velocities at P, F. Then, since the velocity at 
any point of the path is that due to its depth below the 
directrix, 

F*=2^.PH; V' = 2g.PH, 

{V.ry=:^g\PH.PH. 
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But HP + 8P COS e = 8K=^ H'P' - 8F cos 0, 

and therefore, since 8P=HP, and 8F=:H'P\ 



l + cos^' l-cos5' 

and therefore 

sin^ 



(1). 



Again, PP sin 6 being the horizontal motion of the body 
in the time t, 

u.t = PPam0=^{HP + H'P')sin0 = ^^ (2). 

^ ^ sm ^ ^ ' 

From (1) and (2) we see that ^ oc F. T. 

(6) Several bodies are projected at the same instant 
from a point in different directions with the same velocity : to 
find their locus at the end of a given time. 

Since gravity acts in the same direction and with the 
same intensity upon all the bodies, their relative motion will 
not be affected by it. But, supposing gravity not to exist, it 
is plain that the locus of the bodies would be a sphere, its 
centre being the point of projection. Hence, under the actual 
circumstances of the case, the locus of the bodies wiU be a 
sphere, the radius of which varies as the time and of which 
the centre descends according to the law of a falling body. 

(7) Two particles are projected from two given points in 
the same vertical line in parallel directions and with equal 
velocities: prove that tangents, drawn to the path of the 
lower, will cut off, from the path of the upper, arcs described 
in equal times. 

Let a vertical line intersect the upper and.lower parabolic 
paths at P, F, fig. (106), respectively, and let QVQ^ be a 
chord of the upper touching the lower at F. Since the two 
paths are evidently similar and similarly placed and since 
their vertices must evidently be in the same vertical line, it is 
clear that QVQ' must be parallel to the tangent to the upper 
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parabola at P. It is also clear that PV must be always 
equal to the distance between the two vertices, that is, 
constant. Draw QD at right angles to PV^ produced if 
necessary. Then, by a property of the parabola, 

QD^ oc PV. 

Hence QD is constant; and therefore the horizontal 
distance between Q, Qy which is equal to 2 QD, is constant : 
but the horissontal velocity of the projectile is constant : hence 
the time through the arc QQ is invariable. 

(8) A body is projected vertically upwards from a point 
A with a given velocity : find the direction in which another 
body must be projected at the same instant with a given 
velocity from a point B, in the same horizontal line with A, 
so as to strike the first body. 

If V and V denote the projectile velocities of the former 
and latter body respectively, and 6 the inclination of V to the 
horizon, 

• a ^ 
sin u = -^-f , 

(9) A body is projected with a horizontal velocity of '8 
feet, and a vertical velocity of 16*7 feet : prove that its dis- 
tance from the point of projection, at the end of one second, 
is one foot, supposing g to be equal to 32*3 feet. 

(10) An arrow, shot vertically upwards, attains a height 
of 200 feet : find the greatest horizontal distance the arrow 
may be shot with the same force. 

The required distance is 400 feet. 

(11) Given the time of flight of a projectile on a hori- 
zontal plane, find the greatest height to which it rises. 

If t denote the time of fiight, the required height is equal 
to ^gt^. 

(12) Determine the directions in which a particle must 
be projected with a given velocity, in order that it may hit a 
mark at a given distance on the same horizontal line with the 
point of projection. 



PROJECTILES. 145 

If a = the given distance, and F= the given velocity, 
there are two complementary angles of projection, of which 
the values are 



J sin'^ r^j and J J7r-sin-'r| 






(13) If two bodies be projected from the same point, at 
the same instant, with velocities, the horizontal components 
of which are u, Uy and the vertical components respectively 
V, v'y prove that the time which elapses between their transits 
through another point, which is common to both their paths, 

is equal to 

2/ ./ 

g' u-\-u' * 

(14) If a be the angle of projection of a projectile, T 

the time which elapses before the body strikes the ground, 

T 
prove that, at the time . . » , the anrfe, which the direction 
^ 4sma ° 

of motion makes with the direction of projection, is equal to 

TT 

(15) A stone, thrown at an elevation of 45° from the top 
of a tower, fell in 4 seconds at a distance of 60 feet from the 
base : find the height of the tower. If the stone had been 
thrown horizontally, in what time would it have fallen to the 
ground ? 

The height of the tower is 197*6 feet. If the stone had 
been thrown horizontally, the required time would have been 
approximately 3J seconds. 

(16) If h be the greatest height reached by a stone, 
thrown obliquely with a velocity F, determine its velocity 
when it arrives at that height. 

The required velocity is equal to 

(17) A body is projected horizontally, with a velocity ^g, 
from a point, the height of which above the ground is IQg ; 

W.M. 10 
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find the directions of motion, when it has fallen halfway to 
the ground, and when half the whole time of falling has 
elapsed. 

The inclinations of the motion to the horizon at the two 

instants are respectively -j and tan"^ (~p) • 

(18) If R, R\ be the ranges of two projectiles, which, 
being thrown from the same point, attain the same vertical 
height, and pass through a common point, prove that 

7? 7?' ^^*'. 

it, JtC =—jj-] 

where h is the greatest height attained. A' the height of 
the common point, and c the horizontal distance of the 
point of projection from the vertical Une through the common 
point. 

(19) A body is projected from a certain point vertically 
downwards : at the same moment another body is projected 
from another point with the same velocity as the former 
body : find the direction of projection of the latter body in 
order that it may strike the former. 

If a be the inclination of the distance between the two 
points to the horizon, the inclination of the direction of 
projection of the latter body to the horizon must be equal to 
^TT - 2a, 

(20) If F, F, F", be the velocities at three points P, 
Q, B, of the path of a projectile, where the tangents are 
inclined to the horizon at angles a, a — ^, a — 2/3, and 
if ty t'y be the times of describing PQ, QJ?, respectively, 
prove that 

V t= Vt , and ■p-+ yvr = — yv — • 

(21) A body is projected from a given point and strikes 
another given point : supposing this to be possible for only 
one angle of projection, determine the velocity of projection. 
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If i be the altitude of the latter point a.bove the former, 
and c the distance between them, the required velocity is 
equal to 

{{b + c)g]K 

(22) If a body be projected with a velocity V, in a 
direction making an angle a with the horizon, shew that, at 
a height h, the direction of its motion will make with the 
horizon an angle equal to 



tan"* (tan* a — ^ sec' a)*. 



(23) If r^, r^, r^, be the distances of a projectile from 
the point of projection, when its angujar elevations above 
this point are respectively a^, a^, a,, prove that 

r^ cos* a^ sin (a^ — a^ + r^ cos* a^ sin (a^ — a J 

+ r, cos* ttg sin (a^ — a^) = 0. 

(24) A cannon is pointed in a direction making an angle 
of 30® with the horizontal plane on which it stands, and fired 
against a fort : it is then drawn f of a mile nearer the fort, 
and pointed at the same elevation to the horizon as before, 
when it is observed that the ball strikes the fort at the same 
point as in the former case. If the greatest distance which 
the cannon can throw the ball be one mile, prove that the 
height of the point at which the ball strikes the fort 
is 165 feet above the horizontal plane on which the cannon 
stands. 

(25) A body is projected, at an angle a to the horizon, so 
as just to clear two walls of equal height a, at a distance 2a 
from one another : prove that the range is equal to 

2a cot ^ • 

(26) A body is thrown over a triangle, passing from one 
extremity of the horizontal base, just over the vertex, to the 
other end of the base : prove that 

tan ^ = tan a + tanjS, 

10—2 
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where ^ is the angle of projection, and a, /8, are the angles at 
the base of the triangle. 

(27) It is required to throw a shell from a point at a 
distance a from the foot of a wall, so that it may just clear 
the top of the wall, the height of which is A, and strike the 
ground, which is horizontal, at a distance h beyond the wall. 
Determine the velocity and angle of projection, neglecting 
the resistance of the air. 

If a denote the angle and V the velocity of projection, 
. taDa = ^^(a + 5), F' = ^^ {aV + A* (a + J)'}. 

(28) If Aj, \y A,, be the heights of the sights of a rifle, 
when adapted for shooting at the distances 100, 200, and 400 
yards, respectively ; prove that 

^K (K - K*) + ^K (V - K^ + K (V - K^ = o. 

(29) A body is projected from the deck of a ship, with a 
velocity V relatively to tke ship, and at an angle of elevation 
)8, so as to hit a mark in the wake of the ship and in the 
horizontal plane of the d«ck : the ship is supposed to be 
sailing in a straight course with a velocity F'. Shew that if, 
a being the angle of projectiofi, the body, projected by the 
same force, would hate hit tie same mark had the vessel 
been at rest> then 

V . 2sin)9 



F' sin2;3-sin2a' 

(30) Determine the angle of elctation at which a body 
must be projected in order that the focus of its path 
may lie in the horizontal plane passing through the point of 
projection. 

The angle of projection must be 45^ 

(31) If any number of bodies be projected in different 
directions from the same point with equal velocities, find the 
locus of the foci of the parabolas. 
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If V denote the velocity of projection, the locus will be a 
sphere, of which the centre is the point of projection and 

radius ^7— • 

(32) A number of particles are projected in any direc- 
tions in a vertical plane from the same point, (1), with the 
same vertical velocity, (2), with the same horizontal velocity: 
prove that in each case the locus of the foci of their paths is 
a parabola of which the focus is at the point of projection 
and axis vertical, but that, in the first case, the vertex is 
upwards, and, in the second case, downwards. 

(33) A particle is projected horizontally with a velocity 

of 32^73 feet per second: after a certain time it moves with 
a velocity of 64 feet : find this time : determine also the 
spaces described, horizontally and vertically, and the latus 
rectum of the curve. 

Supposing the force of gravity to be measured by 
32 feet, the required time is one second, the horizontal and 

vertical spaces described, 32 J^ and 16 feet respectively, and 
the latus rectum of the parabola 192 feet. 

(34) Particles are projected horizontally with difierent 
velocities from the same point : shew that the extremities of 
the latera recta of the parabolas, which they severally describe, 
lie on a cone, of which the axis is vertical, and the vertical 
angle 2 tan"* 2. 

(35) A particle is projected horizontally : if the squares 
of the times from the instant of projection to the instants at 
which the particle arrives at a certain series of points in its 
path be in arithmetical progression, prove that the angular 
velocities of the tangents to the path at these points are in 
harmonical progression. 

(36) Swift of foot was Hiawatha ; 

He could shoot an arrow from him. 
And run forward with such fleetness. 
That the arrow fell behind him ! 
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Strong of arm was Hiawatha ; 

He could shoot ten arrows upward, 

Shoot them with such strength and swiftness. 

That the tenth had left the bow-string' 

Ere the first to Earth had fallen. 

Supposing Hiawatha to have been able to shoot an arrow 
every second, and, when not shooting vertically, to have aimed 
so that the flight of the arrow might have the longest range, 
prove that it would have been safe to bet long odds on him 
if entered for the Derby. 



Sect. 2. Moticm resolved parcdld to any straight lines, 

(1) If a body be projected from a given point so as to 
strike an inclined plane through that point at right angles, to 
prove that 

tan 5 = ^ cot a, 

where is the angle which the direction of projection makes 
with the plane, and a the inclination of the plane to the 
horizon. 

The component of the velocity of projection, at right 
angles to the plane, is Fsin 0, and the component of gravity, 
at right angles to the plane, is g cos a : hence, t being the 
time of flight, 

*=2-^^^ (1). 

Again, the velocity parallel to the plane being, by the 
hjrpothesis, zero at the time of imipact, the projectile velocity 
V cos a, parallel to the plane, must have been destroyed by 
the component of gravity ^ sifl a in the time t : hence 

Fcos = gs\na,t (2). 

From (1) and (2) it is plain that 

tan 5 :2= ^ cot ar. 
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(2) A body is projected from a given point with a given 
velocity : to find the direction of projection in order that its 
path may touch a given plane. 

Let A, fig. (107), be the point of projection, BC the given 
plane : draw AB horizontally to meet BG at -B, and draw AJ) 
at right angles to BG, 

Let AB = ay a ABG = P\ let F denote the velocity of 
projection and 6 the inclination of this velocity to AD, 

Then, since the velocity normal io BG must, by the 
nature of the question, be zero when the body reaches BG, 
we have 

(Fcos^)' = 25rcos/9.^D 

= 25r cos )8 . a sin yS, 

cos = (ga sin 2fiy 
V ' 

This value of cos gives two equal values of with 
opposite signs, shewing that two directions of projection will 
satisfy the conditions of the problem, these directions making 
equal angles with AD on opposite sides of this line. 

(3) From several points of an inclined plane bodies are 
projected simultaneously in different directions, in such a 
manner that the times of flight above the plane are the same: 
to prove that the locus of the bodies, at any moment, is a 
plane parallel to the inclined plane. 

Since the times of flight are the same, the projectile 
velocities, normal to the inclined plane, must also be the 
same, and therefore the distances of the bodies from the 
inclined plane at any time must be the same, that is, their 
locus at any time must be a plane parallel to the inclined 
plane. 

(4) Two balls are shot at the same moment, from given 
points, straight at the same mark : to compare their initial 
velocities, so that they may hit each other. 

Let P, P', be the two given points, and G the mark. 
Also let V, V, represent the velocities of projection. 
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Supposing gravity not to act, the two bodies would hit 
each other at C, provided that 

V _CF 
V~ UF' 

and not otherwise. 

But gravity does not aflFect the relative motion of the 
bodies : hence they will not hit each other, under the actual 
circumstances of the case, unless this same relation between 
V and F' be established. 

(5) To find the least velocity with which a body can be 
projected from a given point so as to hit a given mark, and 
the direction of projection in this case. 

Let A, fig. (108), be the given point, B the given mark. 
Draw AG horizontally to meet the vertical line BC at C, and 
produce CB to meet AD, the direction of projection, at J). 

Let AO=a, BG=h, AB = c, zBAG^fi, zCAD^0, 
F= the velocity of projection, t = the time of motion from A 
toB. 

Then, resolving the motion parallel to AD and veitically, 
we have 

AD=Vt, 

and therefore a= Vtcos0 (1); 

and also. a (tan — tan fi) = BD 

^y^ •. (2> 

Eliminating t between (1) and (2) we get 

2F* 
1 + tan' 5 = (tan - tan /S), 

ga ^ ^ 

(^atan^-F')'=F*-2^aF'tan/3-^V 

= (F'-^atan/9)'-^Vsec*/3...(3). 

This equation shews that the least value of F is given by 
the equation 

F^ ^ ga tan P=ga sec ^, 
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whence V'=ga cq^o- =^(& + c). 

V=\ff(b + c)]K 

Putting this value of V in the equation (3), we see that 

. /) ^" 6 + c l+sin/9 , f'^ , I3\ 
tan 5 = — = = ^^ = tan ( 7 +^ , 

whence ^ = ^ (tt -f 2/3). 

(6) Prove that the components of the velocities, at the 
extremities of any chord of the path of a projectile, at right 
angles to the chord, are equal. 

(7) Three particles are simultaneously projected from 
the same point and in the same vertical plane : find the 
relation between the velocities and directions of projection, 
in order that the three particles may always lie in a straight 
line. 

If Vy V, V\ be the velocities of projection, and a, a', a", 
the angles between the directions of projection and any 
assigned straight liqe, the required relation is 

sin {oL =- a) ' sin (a" — a) sin (a — a') 



V V V" 



= 0. 



(8) If a ball be projected from a point in an inclined 
plane, in a direction sji^ch that the ^ange on the plane is the 
greatest possible, proye that the direction of the motion of 
the ball on striking tljie plane is perpendicular to the direction 
of projection. 

(9) If a body be projected, at right angles to an inclined 
plane, with a velocity which would be acquired in falling 

3 

freely through a space equal to ^ths of the range on the 

o 

plane, find the inclination of the plane. 
The required inclination is equal to - . 
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(10) A particle begins to slide from rest .down an 
inclined plane AB: at the same instant another particle is 
projected from A : find the condition that the particles may 
meet, and ascertain when and where this occurs. 

The second particle must be projected at right angles to 
the plane. If a be the inclination of the plane and V the 
velocity of projection, the time before the meeting takes place 
will be equal to 

g cos ol' 

and the distance of the point of meeting from A will be 
elqual to 

21^ sing 

ff cos* a 

(11) A giveil inclined plane passes through the point of 
projecUon of a projectile, which eventually strikes the plane 
at right angles : find the range of the projectile on the 
inclined plane, the velocity of projection being given. 

If a be the inclination of the plane and V the velocity of 
projection, the required range is equal to 

2V^ sing 
g 'l + 3sin*a' 

(12) Shew that the two instants at which a bomb has 
a certain angular elevation, when seen from one point in 
the plane of its motion, are equidistant from the two instants 
at which it has the same angular elevation, when seen from 
another point in the same plane. 



CHAPTER III. 



CONSTRAINED MOTION. 

Sect. 1. Direct motion on inclined planes, 

(1) If two circles, the planes of which are verticali touch 
each other internally at their highest or lowest points, and if 
any chord be drawn within the larger circle, terminating re- 
spectively at its highest or lowest point, to prove that the 
time of descent down that pprtioii of the chord, which is 
exterior to the smaller circle, is invariable. 

Let AB, fig. (109) or ftg. (110), be tte diameter of the 
larger circle, AP any chord terminating at A, JPQ the portion 
of AP which is exterior to the smaller circle. 

Let z PAB = 0, and let 2>, d, denote the diameters of the 
larger and smaller circles respectively. 

Then the square of the time down PQ is equal to 
2PQ _2 AP^AQ _2,^ 

and therefore the time is independent of 0, 

(2) AP, PB, are chords of a circle, AB, a diameter of 
the circle, being vertical : particles, starting simultaneously 
at -4, P, fall down AP, PB, respectively : to prove that the 
least distance between them is equal to the distance of 
P from AB. 
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Let AP = a, z PAB = a. Let H, K, be the positions of 
the particles after any time t : let HK= d. Then 

fiP^HF'+PK^ 

= (a — ^f cos a)' + (i^gf sin a)' 

= 0? — agf cos a + l^f, 

Qgf -r ajcos a)' = <P — a' sin' a : 

this result shews tJbM a sin a, that is, the distance of P from 
J. 5, is the least distance between the particles. 

(3) Two circles lie in the same plane, the lowest point 
of one being in contact with the highest point of the other : 
to prove that the time pf desQen^t of a particle from any point 
of the former to a point in the latter, along a straight line 
joining these points and passing through the point of contact, 
is constant. 

Let X, y, be the two chords successively described by the 
descending particle, a being the inclination of each to the 
line joining the centres of the circles. Let r, s, be the radii 
of the circles, ^ the inclinatiofli of the plane of the circles to 
the horizon. 

The force of gravity g may be d/ecomposed into g sin 13, 
parallel to the line of the centres, and g cos yS, at right angles 
to the plane of the circles : the latter is ineffective in respect 
to the particle's motion. The effective part of g sin ^ is its com- 
ponent along the line of motion, which is equal to g sin 13 cos a: 
hence, t denotijDg the time of descent through x+y, 

a? + y = ^gf sin ^ cos a : 

but x = 2r cos a, y = 2a cos a ; 

hence 2(r + 5) = k«' sin/9, • ^' = ^^^5, 

a result which shews that t is constant. 

(4) Any number of smooth fixed straight rods, not in the 
same plane, pass through a given point: a particle slides 
down each rod, the particles starting simultaneously from the 
given point. If the rods be so situated that the particles are, 
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at one instant of their motion, in tlie same plane, to prove 
that they will be so throughout- their motion, and that a 
circle can be described passing through them. 

If, at one instant of the motion, the particles are in the 
same plane, it follows that, / being the component of gravity 
along any rod, the component of / at right angles to the plane 
must be the same for all the rods : hence the particles will 
always be in a plane moviirfg parallel to itself. 

Again, since any number of particles, descfeliding from a 
given poiiit at the same instamt along fixed straight lines in 
a vertical plane, are always in the circumference of a vertical 
circle, the highest point of which is the given point, it is 
evident that, in the case of ther present problem, they will 
always be in the surface of a sphere, the highest point of 
which is the given point. Hende, if the particles are 'at any 
instant all in one plane, they must be all in a' circle on the 
sphere. 

(5) Particles slide from a fixed point down rough straight 
lines to points in the surface of a cone' the base of which is 
horizontal, its vertex being directly below the fi:^d point : to 
prove that, if the vertical a/ngle of the cone be equal to 

2 tan"^ -, where /* is the coefficient of friction, the particles 

will all have the sam*e velocity on arriving at the cone. 

Let A, fig. (Ill), be the fi'xed point, V the vertex of the 
cone, VO its axis, and AB one of the rough straight lines. 

Let ^r=c, AB=ly zBAr=e, zBVO = co, m = the 
mass of any one of the particles, B = its normal- pressure on 
the plane. Then the accelerating force on a particle dow^n 
AB is equal to 

a cos — ^— - 
^ m 

^g cos — fig sin 9 

= g (cos tf — cot 6) . sin 0) 

sin ((0 — 0) c 

sm (o L^ • 



*v* 
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Hence the square of the velocity acquired down AB is equal 
to 2gc, a constant quantity. 

(6) What is the inclination of an inclined plane, such 
that the accelerating force on a particle sliding down it may 
be 16*1 feet, the unit of time being a second ? 

The required inclination is 30**. 

(7) The hypotenuse of a right-angled triangle is vertical : 
if three particles slide down the three sides, prove that the 
velocities acquired will be proportional to the sides. 

(8) One end of a. smooth inclined plane is a foot higher 
than the other, the length of the plane being ten feet : find 
the time in which a particle will slide down it, and the velocity 
acquired. 

The required time and velocity are approximately 2*49 
seconds and* 8*02 feet. 

(9) Two particles are allowed to slide down an inclined 
plane from the same point, with an interval of one second 
between the times of starting : compare their distances from 
each other at the ends of V\ 2'\ 3"> ... subsequently to the 
commencement of motion. 

The distances between the particles, after 1", 2'\ 3", ..., 
are as 1, 3, 5, 7, .... 

(10) The two sides of a right-angled triangle are 
respectively vertical and horizontal: determine the ratio 
between them, in order tkat the whole time in which a 
particle would traverse them, falling down the former and 
moving along the latter with the velocity acquired in 
the fall, may be equal to the time of descent down the 
hypotenuse. 

The length of the vertical must be to that of the horizon- 
tal side as 3 to 4. 

(11) AB is a vertical diameter of a circle : through A, 
the highest point, any chord AC is drawn, and, through C, a 
tangent meeting the tangent at B at the point T: shew that 
the time of a partigle's sliding down CT varies inversely as 
AC. 
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(12) A is the highest point of a vertical circle, of which 
O is the centre, B being an extremity of the horizontal 
diameter : a straight line is drawn touching the circle at P, 
and cutting OA, OB, produced, at C, D, respectively : prove 
that, if a particle slide from rest down CD, the times 
of moving from C to P and from Pto D are as ON to NB, 
where Nia the point at which a vertical line through P meets 

(13) A tangent at any point P of a circle meets the 
tangents at the extremities of a vertical diameter -4 J? at G, 
D, respectively : if t, t\ T, be the times of sliding from rest 
down CP, PD, CD, respectively, prove that 

t : if :: the chord AP : the chord BP, 
and that T varies as U\ 

(14) A is the highest poii^t of a vertical circle, and AB 
any chord : a circle is described on AB as diameter, and a 
tangent, drawn at B to the former circle, meets the latter at 
C: prove that the time of descent down CB is constant. 

(15) A particle descends from rest down a smooth 
inclined plane : prove that the distance between the foot of 
the inclined plane and the focus of the parabola, which the 
particle describes after leaving the plane, is equal to the 
height of the plane. 

(16) A body slides from rest down a smooth sloping roof, 
and then falls to the ground ; find the point where it reaches 
the ground. 

Let c = the length of the slope, a = its inclination to the 
horizon, h = the height of the lowest point of the slope from 
the ground ; then the distance of the point, where the body 
reaches the ground, from the foot of the wall, is equal to 

2 cos a . (c sin a)* . {(c sin'jc + A)' — (c sin^a)*}. 

(17) Two equal inclined planes are placed back to back, 
and a ball, projected up one, flies over the top, and comes to 
the gi'ound just at the foot of the other : find the velocity of 
projection, a being the inclination of each plane and h their 
common altitude. 
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The required velocity is equal to 

i (gh)^ . {S + cosec^ a)K 

(18) A 'body is projected from a point A, with the 
velocity acquired by falling down a height a, up an inclined 
plane of which the base and height are each equal to b, and, 
after quitting the plane, strikes the horizontal plane AB at 
the point B : find AB, 

AB is equal to a + (a* — i*) . 

(19) A particle slides down a smooth inclined plane : 
determine the point at which the plane is cut by the directrix 
of the path described by the particle after leaving the plane. 

The directrix intersects the plane at the point where the 
particle began its motion. 

(20) Two equal particles begin, at the same instant, to 
descend from rest along the chords AP, PB, of a semicircle, 
the diameter AB of which is verticle : shew that their centre 
of gravity will descend vertically. 

(21) Two equal particles ate projected, with equal 
velocities, up two inclined planes, from their point of 
intersection, the planes being at right angles to each other : 
prove that the centre of gravity of the two particles will 
describe a parabola. 

(22) A particle is projected up a rough plane, inclined 
to the horizon at an angle of 60°, witli the velocity which it 
woTild have acquired ill falHiig freely through a space of 12 
feet, and just reaches the top of the plane : find the altitude 
of the plane, its roughness being such that, if it were inclined 
to the horizon at an a)ngle of 30^ the particle would be on the 
point of sliding. 

The required height is nine feet. 

(23) A little ring slides down a straight rod, whilst the 
rod is carried uniformly, in one plane, at a given angle to 
the horizon : find the path described by the ring. 

The path is a parabola. 



CONSTRAINED MOTION. 161 

Sect. 2. Lines of quickest descent 

(1) A given point and a given straight line are in the 
same vertical plane : to determine the straight line of quickest 
descent from the point to the line. 

Let P, fig. (112), be the given point, and AB the given 
straight line : from P draw FX horizontally to meet AB at 
X: take XF, along XB, equal to XP: join PY: then PY 
will be the straight line of shortest descent from Pio AB, 

For, draw PC, YCy at right angles to PX, XY, respectively, 
to intersect at G. Then the angles XPY, XYP, of the 
isosceles triangle PXY, are equal, and therefore their respective 
complements CPY, CYP, are also equal: hence CPis equal 
to CYy and therefore a circle described about G, with radius 
CP ox CYy will pass through both P and Y, and, the angles 
CPX, (7 rX, being right angles, will touch both PZ and BX. 
Also, the horizontal line PX being a tangent at P, P must be 
the highest point of the circle. 

Hence the time down the chord PY is equal to that down 
any other chord drawn from P and therefore less than that 
down any other such chord produced, that is, than the time 
down any other straight line from P to AB. 

(2) A given circle and a given point without it are in 
the same vertical plane : to determine the straight line of 
quickest descent from the point to the circle. 

Let G, fig. (113), be the centre of the given circle and P 
the given point. Draw (7Q, the vertical downward radius of 
the circle, and join PQ, intersecting the circumference of the 
circle at the point M, Then PB is the required straight line 
of quickest descent. 

For, join GB and produce it to meet PO, drawn vertically 
downwards, at 0. Then, in the isosceles triangle QGB, 

zCQB=^^GBQ: 

but, PO, GQ, being both vertical lines, z GQR = l OPR : 
also JL GRQ = z ORP: hence z OPR = z ORP, and therefore 
0P= OR. Hence a circle described about as centre, with 
OP as radius, will touch the given circle at R, because CRO 

W.M. 11 
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is a common normal to the two circles. Also P is the highest 
point of the circle 0. 

Hence the time down PE is equal to that down any other 
chord of the circle 0, drawn from P, and is therefore less than 
the time down any such chord produced, and accordingly than 
the time down any other straight line drawn from P to the 
circumference of the circle C, 

(3) A given circle and a given point are in the same 
vertical plane, the point being within the circle : to deter- 
mine the straight line of quickest descent from the circle to 
the point. 

Let (7, fig. (114), be the centre of the given circle, and P 
the given point. Draw CQ, the vertical downward radius of 
the circle: join Q, P, and produce QP to intersect the 
circumference of the circle at B. Then HP is the straight 
line of quickest descent from the given circle to the given 
point 

For, join CB, and draw PO, vertically, to meet CB at 0. 
Then, in the isosceles triangle QCB, l CQB = i CBQ = z OBP: 
but, CQ, OP, being parallel to each other, / CQB = z OPB : 
hence, z OPB = z OBP ; hence OB = OP. Hence if, with 
centre and radius OP, a circle be described, it will pass 
through B : also, OB being a common normal to both circles, 
the circles will touch each other at B. Hence, P being the 
lowest point of the circle 0, the time down BP will be equal 
to that down any other chord terminating at P, and will 
therefore be less than that down any other straight line drawn 
from the outer circle to P. 

(4) A given straight line and a given circle, to which 
the straight line is exterior, are in the same vertical plane : 
to determine the straight line of quickest descent from the 
line to the circle. 

Let AB, fig. (115), be the given straight line. Through 
Q, the lowest point of the circle, draw the horizontal line QX 
to cut ABsitX: along XB measure XF equal to XQ : join 
YQ : let B be the intersection of YQ and the given circle. 
Then YB is the straight line of quickest descent from the 
given line to the given circle. 
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For, from Q, F, draw QO, YO, at right angles to XQ, XY, 
respectively, to meet at : then a circle, described about 
as a centre, with radius OQ, will touch XQ, XY, at Q, Y, 
respectively. 

Now, by Prob. (2), YR is the straight line of quickest 
descent from the point Y to the given circle : also, if Y be-any 
other point in AB, and Y' Q be joined, cutting the two circles 
at Zy B^, Y' R is the straight line of quickest descent from F' 
to the -given circle. But by Prob. (1), Sect. (1), the time 
down YR is equal to that down ZR, and therefore less than 
that down F' R\ Hence YR is the straight line of quickest 
descent from the given line to the given circle. 

(5) To determine the straight line of quickest descent 
from one given circle to another given circle, the two circles 
being in the same vertical plane, and the latter circle being 
within the former. 

Let P, Qy fig. (116), be the lowest points of the outer and 
inner circles respectively : join PQ and produce it to cut the 
inner and outer circles at R and 8 respectively. Then 8R is 
the straight line of quickest descent from the outer to the 
inner circle. 

For, let G be the centre of the inner circle ; join RC and 
produce it to meet PO, drawn vertically from P, at the point 
O. Join QG. Then, since QG=RG, and since FO is 
parallel to QG, we see that PO^RO. If therefore, with 
as centre and OP as radius, a circle be described, it will pass 
through jR : it will also touch the two given circles at P, JB, 
respectively. 

Now, by Prob. (2), SR is the straight line of quickest 
descent from the point 8 to the inner of the two given circles. 
Take any other point S' in the outer circle : join 8'P, cutting 
the inner of the two given circles at R and the subsidiary 
circle at Z\ then, by Prob. (2), S'R is the straight line of 
quickest descent from S' to the inner of the two given circles. 
But, by Prob. (1), Sect. 1, the time down SR is equal to that 
down 8'Z', hence the time down SR is less than that down 
S'R\ Hence the line 8R is the straight line of quickest 
descent from the outer to the inner of the two given circles, 

11—2 
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(6) To find a point at a given distance from the centre 
of a vertical circle, such that the time of falling from it to 
the centre is less than iite time of falling to any point in the 
circumference except one, and equal to the time of falling to 
this poinL 

Let Of fig. (117), be the centre' of the vertical circle; let 
r = the radios of the circle, and a = the given distance of the 
required point from C, 

Draw vertically CA=^\rv about -4, (7, as centres, with 
radii \r, a, respectively, describe circles cutting each other at 
P : P is the required point. 

For, join -4P, CP : draw (70, POy parallel respectively to 
APj AG: produce CO to Q, making OQ=GO, Q being 
accordingly a point in the proposed vertical circle : join PQ. 

Since A COP is a parallelogram, 

OP=CA=\r, OC^AP=ir: 

hence 0(7= OP = OQ, and therefore a circle, of which P is the 
highest point and the centre, can be drawn through the 
three points (7, P, Q, CQ being one of its diameters. Since 
0$ is a diameter of the circle CPQ and a radius of the 
proposed vertical circle, they must touch each other at Q. 

Since, then, P is the highest point of the circle CPQ, the 
time down the chord PC is equal to that down any other 
chord drawn from P and therefore to that down PQ, but less 
than the time down any chord, drawn from P, produced, and 
therefore than the time to any other point in the circum- 
ference of the proposed vertical circle except Q. 

(7) A given circle and a given point are in the same 
vertical plane, the point being within the circle : determine 
the straight line of quickest descent from the point to the 
circle. 

The required straight line is the distance between the 
given point and the lower end of that chord of the circle 
which passes through the given point and terminates at the 
highest point of the circle. 
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(8) A given point and a given straight line are in the 
same vertical plane : determine the straight line of quickest 
descent from the given line to the given point. 

From the given point P draw PX horizontally to meet the 
given line at X : draw upwards along the given line a length 
XF equal to PX: the straight line joining P and Fis the 
required straight line. 

(9) AC is ai, given horizontal line, and AB a line elevated 
above it at an angle a : prove that the least time in which it 
is possible for a particle to descend from AB to C, along a 
straight line, is equal to 

(10) A given circle and a given point are in tte same 
vertical plane, the point being exterior to t%e circle : deter- 
mine the straight line of quickest descent from the circle to 
the point. 

The required straight line is the distance betweeu the 
given point and the lower -eud of that chord of the circle 
which terminates at the highest point of the circle and passes, 
when produced, through the given point. 

(11) A given circle and a given exterior straight line are 
in the same vertical plane: determine the straight line of 
quickest descent from the circle to the line. 

At the highest point Q of the circle draw a tangent to 
intersect the straight line at X: measure off downwards 
along the straight line a length XF equal to XQ: join YQ, 
cutting the circle at R. Then i? F is the straight line of 
quickest descent from the given circle to the given hue. 

(12) Determine the straight line of quickest descent 
from one given circle to another given circle, the two circles 
being iu the same vertical plane and exterior to each other. 

Draw a straight line from the highest point of the former 
circle to the lowest point of the latter : the portion of this 
line, which lies without both circles, is the required line of 
quickest descent. 
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(13) One of two given circles, which are in the same 
vertical plane, lies within the other : find the straight line of 
quickest descent from the inner to the outer circle. 

Draw a straight line to intersect the two circles at their 
highest points : the distance between the second intersections 
of the two circles by this straight line is the required straight 
line of quickest descent. 

(14) Prove that all points, which lie in the plane of a 
given vertical circle, and from which the time of quickest 
descent to the circle is the same, lie in the circumferences of 
two circles. 

(15) Tangents are drawn to a vertical circle : find the 
locus of points in them, from which particles would descend 
in straight lines to the centre in the shortest time. 

The required locus is an indefinite tangent at the highest 
point of the circle. 

Sect. 3. Lines of slowest descent 

(1) To determine the straight line of slowest descent 
from a given point to a given circle, the point being without 
the circle and both being in the same vertical plane, and the 
highest point of the circle being lower than the given point. 

Let P (fig. 118) be the given point, Q the highest point 
of the given' circle : join' PQ^ and produce it to cut the circle 
at R. Then PR is the straight line of slowest descent fi'om 
the point to the circle. For, let G be the centre of the circle. 
Join QGy RG, and produce RG to meet PO, drawn vertically 
from P, at the point 0. Then, PO being parallel to QG, 
and QG being equal to RG, PO must be equal to RO, 
Hence a circle described about as a centre, with OP as 
radius, will pass through R: it will also touch the given 
circle at R. 

Take any point R' in the given circle, not coinciding 
with R : join PR', and produce it to cut the subsidiary circle 
at Z, 
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Then, P being the highest point of the subsidiary circle, 
the time down PB is equal to that down PZ and therefore 
greater than that down PR\ Hence PB is the required 
straight line of slowest descent. 

(2) Determine the straight line of slowest descent from a 
given circle to a given point without it, the point and circle 
being in the same vertical plane, and the point being lower 
than the lowest point of the circle. 

From the given point draw an indefinite straight line, 
cutting the circle at its lowest point : then the distance 
between the given point and the second intersection of the 
indefinite line and the circle is the required line of slowest 
descent. 

(3) Find the straight line of slowest descent from one 
given circle to another given circle, both circles being in the 
same vertical plane and each being exterior to the other ; the 
highest point of the latter circle being lower than the lowest 
of the former. 

Produce the line, which joins the lowest point of the 
former circle and the highest point of the latter, to meet 
both circles again: then the distance between the second 
intersections is the required line of slowest descent. 

Sect. 4. Oblique motion on inclined planes. 

• 

(1) A given horizontal straight line lies in an inclined 
plane the inclination of which is unknown: a particle is 
projected along the line with a given velocity : find the locus 
of the directrix of the path of the particle. 

If V be the velocity of projection, the locus of the 
directrix is a horizontal plane at an elevation above the line 

of projection equal to ^ . 

(2) A particle is projected horizontally, with a given 
velocity, along a plane inclined at a given angle to the 
horizon: find the velocity with which a particle must be 
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projected horizontally in free space, so that the parabolas 
described may be simUar. 

If w = the given velocity and a = the given angle of 
inclination, the required velocity is equal to 

u 



(sin a)* 

Sect. 5. Motion on curves, 

(1) One end of a fine string is attached to an angular 
point jB of a fixed regular polygon ABCD,.. on a fixed 
horizontal plane, its length being equal to the perimeter : a 
particle P, fixed to the other end of the string, which is 
stretched in the direction AB, is projected in the plane of 
the polygon, perpendicularly to the string, with a given 
velocity, so that the string comes into contact with BG, 
(71),... successively : to determine after what time the string 
will coincide with the perimeter of the polygon. 

Let F=the velocity of projection, which will be the 
velocity of the particle throughout the motion : let a = the 
length of each side of the polygon, n = the number of the 
sides. Let 0)^, co^, G)g,...be the angular velocities of the 
successively free portions BP, CP, DP,.,, of the string. 
Then, 

na, (n — l)a, (n— 2)a,...a, 

being the radii of the successive circular arcs described by P, 

V _ V _ F V 

^ na * (n-l)a * (n— 2)a a 

But, t^, f J, ^g,. . . t^ being the times of the description of the suc- 

cessive circular arcs, we have, — being the angle subtended 

by these arcs at their respective centres, 

_ Stt 27ra 



'^ na>, V 



_ 27r __ 27ra w — 1 
* Tuo^ V ' n 
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_ 27r _ 2'jra n-2 
® nco^ V ' n ' 

^2w_2Tra 1 
* no)^ "" y ' n' 

Hence the whole time occupied by the string in winding 
itself about the polygon is equal to 

^i+h+^s'" +^»= — ^ {n + (n - 1) + (n - 2) + (n - 3) + ... + 1{ 

Let I = the length of the string. Then the whole time is 
equal to 

7rl n+1 

Cor. Suppose the number of the sides to be infinite, 
when the polygon becomes a circle ; then the whole time is 
equal to 

V 

(2) A smooth tube, of uniform bore, is bent into the 
form of a circular arc, greater than a semicircle, and placed 
in a vertical plane with its open ends upwards and in the 
same horizontal line : find the velocity with which a ball, 
that fits the tube, must be projected along the interior from 
the lowest point, in order that it may pass out at one end 
and re-enter at the other. 

If r = the radius of the circle, h = the depth of the centre 
of the circle below the horizontal line through the two ends 
of the tube, and F=the required velocity; then 

F»=|(r" + 2Ar + 2A«). 

(3) A particle slidiBS from rest down a narrow smooth tube 
in the form of the thread of a screw, the axis of which is 
vertical : find the time in which it will make a complete 
revolution about the axis. 
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If a = the radius of the cylinder on which the helix is 
described, and a = the angle which the thread makes with 
a generating line of the cylinder, the required time is 
equal to 



\<7sm2a/ 



^9 

(4) Shew that, if a particle descend down a cycloid, of 
which the axis is vertical and the vertex downwards, from an 
extremity of the base, the velocity at any point will be. pro- 
portional to the radius of curvature at the point. 

(5) A particle falls to the lowest point of a cycloid down 
any arc of the curve, the axis of the cycloid being vertical 
and its vertex downwards : prove that the vertical velocity 
of the particle is greatest when it has completed half its ver- 
tical descent. 

(6) A particle falls from the highest to the lowest point 
of a cycloidal arc, the axis of the cycloid being vertical and 
its vertex downwards : prove that it describes half the path 
in two-thirds of the whole time. 

Sect. 6. Pendulums. 

(1) If a clock pendulum lose 5" a day, to determine the 
alteration which must be made in its length. 

Let I be the length of a seconds pendulum, i-f-a of 
the pendulum under consideration. Then the number of 
seconds in the time of the oscillation of the latter pendulum 
is equal to 

hence the number of oscillations which it performs in 24 hours 
is equal to 

24x60x60xfy^')*. 



= 24 X 60 X 60 X f 1 - I^V nearly, 
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and consequently 

5 = 24 X 60 X 60 - 24 X 60 X 60 X ( 1 - I) 

= 24 X 60 X 60 X ^ , 

and therefore 

a 1 



I 8640 ' 

thus we see that the pendulum must be diminished by very 
nearly the (8640)**^ part of its length. 

(2) A seconds pendulum was too long on a given day by 
a quantity a ; it was then over-corrected so as to be' too short 
by a during the next day : to prove that, I being the length 
of the seconds pendulum, the number of minutes gained in 
the two days was 

a* 
1080^, nearly- 

The time of each oscillation in seconds during the first day 
was equal to 



fl + a\i 
\ g ) ' 



IT 

9 
and therefore the number of apparent seconds was equal to 

24 X 60 X 60 

and the number of apparent minutes to 

24x60 /. . a\-J 



TT I- 



©' 



•(^-i) 



24.x60x(l + |) 



= 24 X 60 X f 1 - 1^ + ^ j , nearly. 
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Similarly, putting —a for a, the number of apparent 
minutes on the second day was equal to 

24 X 60 X n + -^ + g^sj , nearly. 

Hence the number of minutes gained in the two days was 
equal to 

24 X 60 X (2 + |j) - 2 X 24 X 60 

= 1080 ^ . 

(3) A seconds pendulum, carried to the top of a moun- 
tain, is found to lose there 43"''2 a day; to find the height 
of the mountain, supposing the radius of the Earth to be 
4000 miles. 

Let I be the length of the pendulum, g the force of 
gravity at the foot and g' at the summit of the mountain. 
Let t denote the time of an oscillation at the summit, and x 
the heisfht of the mountain in miles. 



= "\/7- 



Then t 

9 

but, since the force of gravity, in ascending above the Earth's 
surface, varies inversely as the square of the distance from 
the centre, 

,^ (4000)' 

^ "" ^ (4000 + x)' ' 



hence 



^TT sj -. 



4000 + X 



= 1 + 



g 4000 

X 



4G00* 

Again, by the hypothesis, 
24 X 60 X 60 



% 



= 24 X 60 X 60 - 43-2, 
^ = ^+ 24xlQx60 >^^^^y' 
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„ 43-2x4000 „ ., 

Hence x = ^. — p^^r — >.^ = 2 miles. 

24 X 60 X 60 

(4) Find the time of oscillation of a pendulum, 20 feet 
long. 

The required time is, approximately, two seconds and a 
half. 

(5) Find th« length of a pendulum which oscillates in 
half minutes. 

The required length is, approximately, 978 yards. 

(6) A body, dropped from^ the top of a wall, falls to the 
ground, while a pendulum, 6 inches long, makes 5 oscillations: 
find the height of the wall. 

25 

The required height is — tt' feet. 

(7) A seconds pendulum- is lengthened one hundredth 
of an inch : find how many seconds it will lose daily. 

About eleven seconds will be lost daily. 

(8) If a simple pendulum, 39 J feet long, oscillates in 1", 
find the length of one which loses a minute in an hour. 

The required length is 40 1§ feet. 

(9) If 39*1386 inches be the length of a seconds pendu- 
lum, what will be the length of one which vibrates 40 times 
in a minute ? 

The required length is 88*06185 inches. 

(10) If the length of a seconds pendulum be 39*1393 
inches, find the value of g to three places of decimals. 

The value of ^r is 32*190 feet. 

(11) A pendulum, which would oscillate seconds at the 
equator, would, if carried to the pole, gain five minutes a 
day: compare the polar and equatorial gravity. 

The gravity at the equator is to the gravity at the pole as 
144 to 145,. approximately. 
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(12) A pendulum, which oscillates seconds at one place, 
is carried to a place where it gains, two minutes a day : 
compare the force of gravity at the latter place with that at 
the former. 

If g denote the force of gravity at the former and g at 
the latter place, then, approximately, 

g' \ g w 361 : 360. 

(13) A pendulum is found to make 640 vibrations at 
the equator in the same time in which it makes 641 at 
Greenwich : if a string hanging vertically can just support 80 
pounds at Greenwich, how many such pounds can the same 
string support at the equator ? 

The required number of such pounds is nearly 80 J. 

(14) Two pendulums, the lengths of which are I and l\ 
are oscillating at diflferent points on the Earth's surface : the 
number of vibrations which they respectively make in the 
same time are in the ratio m : m'; find the ratio between 
the forces of gravity at the two places. 

The required ratio is equal to jt-tj. 

(15) A seconds penduluin is carried to the top of a 
mountain, of which the height is one mile ; find the number 
of seconds which it will lose daily, gravity being supposed to 
vary inversely as the square of the distance from the centre 
of the Earth, and the radius of the Earth to be four thousand 

'.'t^ miles. 

The number of seconds lost daily is, approximately, 21*6. 

(16) A seconds pendulum is carried to the top of a 
mountain 3000 feet high : assuming that the force of gravity 
varies inversely as the square of the distance from the Earth4 
centre and that the Earth's radius is 4000 miles, find the 
number of oscillations lost in a day. Also determine how 
much the pendulum must be shortened in order that it may 
oscillate seconds on the mountain ? > 
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The number of seconds lost in a day is nearly 12, and, in 
order to correct this, the pendulum must be shortened by 
about the 3520**" part of its length. 

(17) A balloon was found to be sailing steadily with 
the wind, at an invariable elevation above the Earth: a 
seconds pendulum, suspended in the car, was observed in 
50 minutes to make 3003 oscillations : determine the height 
of the balloon, the Earth's radius being 4000 miles nearly. 

The height of the balloon was about four miles. 

(18) A seconds pendulum, carried to the summit of a 
mountain, is found to lose 8 seconds a day : determine approxi- 
mately the height of the mountain ; gravity on the summit 
of a mountain, of height h, being supposed to be equal to 

^r [ 1 — — J , where r is the radius of the Earth, 4000 miles 

nearly. 

The altitude is approximately ^ths of a mile, 

(19) A seiconds pendulum, hanging against the face of a 
slightly inclined smooth wall, and swinging in its plane, is 
observed to lose 8 seconds in t hours : find the inclination of 
the wall to the vertical. 

The circular measure of the inclination of the wall to the 
vertical is nearly equal to 



30 'W ' 



Sect. 7, IllvMrations of the third law of motion, 

(1) Weights P and Q are connected by a fine string, of 
given length, which is hung over a fixed pully : P, starting 
from the highest point, draws up Q : after some time the 
string is cut, and then Q rises just to the top : to find the 
position of P at the instant when the string was cut. 

Let c be the length of the string ; a?, y, the distances of 
P, Q, respectively, below the pully, at the instant the string 
was cut, and K their common velocity at the same moment. 
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Then r* = 2^^.ff.w. 

and, since y is the altitude due to the velocity F, 

F*=25ry. 

Hence y^^pIJTQ' 

but x + y = c: 

. c P±Q 

hence ^ " 9 • — p~ • 

(2) A balloon is descending with a uniformly accelerated 
velocity, so that a one pound weight, as measured by a spring, 
appears to weigh only 15 ounces : to find the number of feet 
through which the balloon will have travelled vertically 
downwards in the two minutes after it began to descend, 
considering the force of gravity constant. 

The acceleration of the balloon, being the same as that of 
the weight, must be equal to 

1 pound — 15 ounces «« « « ^ 

— ^ — = J X 32-2 feet 

1 pound 

= -16 ^""^ 
Hence the required space, expressed in feet, is equal to 

ix^x(120r 

= 14490, approximately. 

(3) Two bodies, the weights of which are TFand TF, 
hang from the extremities of a cord passing over a smooth 
peg: if, at the end of each second from the beginning of 
motion, W be suddenly diminished and W suddenly in- 
creased, so as not to experience any impulse, by - th of their 

original difference^ shew that, W being the greater weight, 
their velocity will be zero at the end of 71+ 1. seconds. 
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Since the acceleration of the weights varies as the ratio 
which their difference bears to their sum, it follows that,/ 
denoting their acceleration during the first second, the ac- 
celerations during the 2nd, 3rd, 4th, ... (71+ 1)*^ seconds, 
will be 

and therefore their velocity at the end of the {n + 1)**" second 
will be equal to 



= / 



- 2 n + 1 , ^ 

71 + 1 . — ^ — . Tl-h = 0. 

n z 



(4) A string, passing over a smooth puUy, supports, at 
one end, a scale-pan of weight W, which contains a weight 
5 W, and, at the other end, a weight 3 TT : to find the tension 
of the string and the pressure of the weight on the pan. 

Let i2 = the mutual pressure between the pan and the 
weight STT, and T = the tension of the string. 

Then, the downward acceleration of the pan is equal to 

W + R-T ... 

— w — ^ (^^> 

the downward acceleration of the weight 5 TT to 



(2), 



5W ^ 

and the upward acceleration of the weight 3 TT to 

-sW^ ^^)- 

Since these accelerations are all equal, we have, from (1) 
and (2), 

5(i2-r) = -i2, 

w- 6R=5T (4). 

w. M. -. 12 
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Trom (2) and (3), 

3(5F--B) = 5(2'-3Tr), 

S0W=SR + 5T (5), 

From (4) and (5) we see that 

E = y F, and r=4F. 

(5) A particle is projected up a rough inclined plane of 
indefinite length : to compare the velocities at the beginning 
of the ascent and the end of the descent. 

Let a = the inclination of the plane, tan e = the coefficient 
of friction, m = the mass of the particle, 

. The normal priessure of the particle on the plane is equal 
to Tn^cosa: hence the friction is equal to m^ cos a tan e. 
Thus, while the particle is ascending, it is acted on by a 
retarding force equal to 

g (sin a + cos a tan e), 

^tnd, while it is descending, by an accelerating force equal to 

g (sin a — cos a tan e). 

Hence, s being the length of the inclined plane traversed by 
the particle, and u, v, the velocities at the beginning of the 
ascent and the end of the descent, respectively, 

u^ = 2gs (sin a + cos a tan e), 
and V* = 2gs (sin a — cos q, tan e) ; 

and therefore I - 1 = - — t — r- i • 

\u/ sin (a + €) 

(6) Two equal particles, connected by a fine string, are 
placed upon two given ii^clined planes which have a common 
altitude : to determine the acceleration of the centre of 
gravity of the two particles. 

Let AG, BO, fig. (119), be the two inclined planes. Let 
zBAC=-a,zABG=-^. Produce BG indefinitely to B", and 
draw CB to bisect the angle AGB", 
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The accelerations of the particles, in the directions CL4, 
Cff^ respectively, are both equal to 

. ^g (sm a - sm ^) =g8m —j- cos — g— : 

it is evident therefore that their accelerations at right angles 
to CD are equal and in opposite directions, and that the 
acceleration of each parallel to CD is equal to 

g sm — g— cos' —^ . 

This is therefore, the particles being equal, also the accelera- 
tion of their centre of gravity. 

(7) Find the weight of a body which, initially at rest, 
describes in a certain time, under a pressure of six pounds, 
one-third of the space through which it would in the same 
time fall freely. 

The weight of the body is eighteen pounds. 

(8)' A force, which can support 50 lbs., acts for one 
minute on a body the weight of which is 200 lbs. : find the 
velocity and momentum acquired by the body. 

The velocity acquired is 483 feet per second and the mo- 
mentum is 3000, 

(9) Two weights, one of 81 and the other of 80 ounces, 
are suspended by a fine string over a fixed puUy : determine 
the space described by each of them from rest in one second, 
and the velocity acquired. 

The required space and velocity are respectively one-tenth 
and one-fifth of a foot. 

(10) Two weights, each of 7 lbs., hang at rest by means 
of a string over a fixed puUy, the mass of which may be 
neglected: to one of them an additional weight of 2 lbs. is 
attached, which is removed after the weight has fallen through 
8 feet : find the time occupied in falling through the 8 feet, 
and also the time in whicn 8 feet would be described after 
the removal of the additional weight, supposing 32 feet to be 
the measure of gravity. 

12—2 
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The required times are respectively 2 seconds and 1 
second. 

(11) A weight of 4 lbs., hanging down vertically, draws 
another of 6 lbs., initially at rest, up a plane inclined at an 
angle of 30° to the horizon : find the space moved through by 
each weight in four seconds. 

The required space is 25*76 feet. 

(12) A body, weighing 10 pounds, is moved along a 
horizontal plane by a constant force, which generates in the 
body in a second a velocity of 1 foot per second : find what 
weight the force would support. 

It would support rather less than 5 ounces. 

(13) If a weight of ten pounds be placed upon a hori- 
zontal plane, which is made to descend with a uniform accele- 
mtion of 10 feet per second, determine the pressure on the 
plane. 

The required pressure is a little greater than 6 lbs. 14 oz. 

(14) Two bodies, weighing respectively 1 lb. and 2 lbs., 
are placed upon a horizontal plane, which descends with a 
uniform acceleration of 1 foot per second: determine the 
pressure which each exerts on the plane. 

The required pressures are, approximately, lo^ oz. and 
81 oz. 

(15) Two weights are connected by a fine string which 
passes over a pully : if the weights be 50 and 72 lbs., deter- 
mine what stationary weight the string must be able to 
support, in order that it may just escape breaking during the 
motion. 

It must be able to support a stationary weight of 59 ^ lbs. 

(16) Two weights are connected together by a fine inex- 
tensible string, which passes over a smooth pully : prove that, 
if the sum of the weights be given, the tension of the string 
is the greater the less the acceleration. 

(17) Two equal bodies P and Q, connected by a string, 
six feet long, are placed on a horizontal table, three feet high: 
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P is gently pushed over the edge, and falls, drawing Q along 
the table : find when each will fall to the ground. 

Time being dated from the commencement of the motion, 
P and Q will reach the ground respectively in the times 

2 f-j seconds and (-1 . (3 +>/2) seconds. 

(18) A weight P, descending vertically, draws a weight 
2P up an inclined plane, by means of a string passing over a 
puUy at the top of the plane : the ascending weight starts 
from rest from the foot of the plane, and, when it has travelled 
half-way up the plane, the motion of the descending weight is 
stopped: find the inclination of the plane, in order that the 
ascending weight may just reach the top. 

The required angle of inclination is equal to sin"^ [■=]. 

(19) A body, of weight 4P, initially at rest, is drawn up a 
plane, of length a, inclined at 30* to the horizon, by a weight 
3P, connected with the former by a string passing over the 
upper edge of the plane : find the tension of the string and the 
time before the former weight arrives at the top of the plane. 

18 

The tension of the string is equal to -^^ P, and the re- 

quired time is equal to (lf)\ 

(20) A chord AB of a circle is vertical, and subtends at 
the centre an angle 2 cot"* fi : shew that the time down any 
chord A (7, drawn in the smaller of the two segments into which 
AB divides the circle, is constant ; A G being rough, and fj, 
being the coefficient of friction* 

(21) A body is placed on a smooth inclined plane, 
which at the same instant begins to descend with a uniform 
acceleration of 5 feet in a second, the inclination of the plane 
to the horizon being invariable : determine the motion of the 
body and its pressure on the plane. 
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If a be the inclination of the plane to the horizon, and W 
the weight of the body, the body will descend in a straight 
line inclined "to the vertical at an angle 

/ 27cota \ • 
^ Us + Scot'J' 

27 
its pressure on the plane being equal to ^ PFsina. 

(22) A balloon ascends with a uniformly accelerated 
velocity, so that a weight of one pound produces, on the hand 
of the aeronaut supporting it, a downward pressure equal to 
that which a pound weight, augmented by a hundredth part 
of an ounce, would produce at the Earth*s surface : find the 
height which the b^loon will have attained in ten minutes 
from the time of starting, not taking into account the 
variation of the Earth's attraction. 

The required height, supposing gravity to be represented 
by 32 feet, will be twelve hundred yards. 

(23) Two weights, one of which is double of the other, 
are placed upon two smooth inclined planes which have a 
common vertex, the inclination of each being 30°, and are 
connected by means of a fine string passing over a small pully 
at the highest point of the planes : prove that, if the length 
of the string be equal to that of either plane, and the heavier 
weight start from the highest point, the two weights will 
reach the lowest points of the planes at the same time, if the 
string be cut when one-sixth of it has passed over the pully. 

Shew also that the times of motion, before and after cut- 
ting the string, are each equal to the time of a body s falling 
freely under the action of gravity through a height equal to 
the length of either plane. 

(24) A bucket of water, weighing 32 lbs., is attached to 
a rope, which passes round a fixed pully, and is pulled by a 
man : supposing the man to raise the bucket two feet each 
stroke, which occupies half a second, and the force to be so 
applied that the velocity is uniformly generated during the 
first half of the stroke, and uniformly destroyed during the 
second half, find how the tension of the rope alters, and 
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express In pounds the greatest tension, 32 feet being assumed 
as the measure of the force of gravity. 

The tension is 64* lbs. during the first half, and zero 
during the latter half of each stroke. 

(25) A string, charged with m + n + 1 equal weights^ 
fixed at equal intervals along it, is placed within a smooth 
bent tube, curved at the angle, and just wide enough to admit 
the weights, the two branches of the tube being rectilinear, 
one inclined to the horizon and the other vertical : the string, 
which would rest with m of the weights within the vertical 
branch, is so placed that the (m + 1)**" weight is just within 
this branch : shew that, if a be the distance between each 
two adjacent weights, the velocity which the string will have 
acquired, at the instant the last weight enters the vertical 

branch, will be {nagy, 

(26) A weight, descending vertically, draws another 
weight, n times as heavy as itself, up a rough inclined plane, 
by means of a fine string passing over a puUy fixed at the 
top of the plane : the ascending weight starts from the foot of 
the plane, and, when it has travelled a space ar, the connecting 
string is cut : shew that the ascending weight will just reach 
the top of the plane if 

_ a(l+n) 

1 + cos e cosec (a + e) ' 

where a is the inclination of the plane, a its length, and tan e 
the coefiicient of friction between the plane and the weight. 

(27) If weights W, nW, move on two inclined planes and 
be connected by a fine string passing over the common vertex 
of the planes, the angles of inclination of the planes to the 
horizon being a, ^, respectively, prove that their centre of 
gravity describes a straight line with a uniform acceleration 
equal to 

nsinS — sina r « . « / . m . tii 

^' — (;rTi)*~-^ ■*" "^"^^^^^"^^^"^ ^• 

(28) Two masses connected by a string are placed on 
two smooth inclined planes, the string passing over a small 
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pully without mass at the common summit of the two planes: 
prove that the path of the centre of gravity of the two masses 
is the straight line which joins them when they are in such a 
position that the parts of the string on the two planes are to 
one another as the masses at their extremities, and thence 
that that mass will descend, which in this position is the 
lower of the two. 

Sect. 8. Centrifugal Force. 

(1) Two unequal weights are connected by a string of 
given length, which passes through a small ring : to find how 
many times in a second the lighter must revolve, in order that 
the heavier may be at rest at a given distance from the ring. 

Let P, P', fig. (120), be the positions of the two weights, 
the ring, being the inclination of OP' to the vertical. 

Let OP = o\ and let m, m, denote the masses of P, P', 
respectively. 

The forces acting on P' are the tension of the string, 
which is equal to mgy the weight mfg, and the centrifugal 
force mm^d sin 6y acting horizontally. 

For the equilibrium of P we have, resolving horizontally, 

Tft!(i?c sin — mg sin ^, 

and therefore o)^ = ——, 



mc 



Hence, n denoting the number of revolutions performed 
by P' in a second, 

__^> 1 / mq^ 

^"27r""27r* V^r 

(2) A string, the length of which is two feet, will just 
bear a weight of 16 lbs. without breaking : if a weight of Jib. 
be attached to one end of the string, and be whirled round on 
a smooth table about the other end, fixed to the table, find 
the least number of revolutions the weight must make in a 
second, in order to break the string. 

2 

The required number of revolutions is equal to - i^g. 



CHAPTER IV. 



IMPACT, 



(1) A PARTICLE is projected, with a given velocity, from 
one extremity of a diameter of a horizontal circle, and, after 
reflection at the curve, passes through the other extremity : to 
find the elasticity, in order that the time of motion may be n 
times that of describing the diameter with the velocity of 
projection. 

Let ABy fig. (121), be the diameter, APB the path of the 
particle, G the centre of the circle. 

Join GP : let r = the radius, z PAG^a^ F= the velocity 
of projection. 

Since the component of the velocity, at right angles to 
(7P, is the same before and after impact, and since -4, B, 
are equidistant from the diameter PGP, it follows that the 
time of movement from -4 to P is equal to that from PtoB: 
let t denote each of these times. 

Since the line ^P is described, in the time t, with the 
velocity F, 

2rcosa = V.t (1). 

Considering the component of the motion from P to B, 
parallel to PG, we have, since eFcosa is the normal 
component of the velocity after impact on the curve at P, 

r (1 — cos 2a) = eF cos a . t, 

or 2r sin* a = eF cos a . ^ (2). 
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Again, the time of motion being equal to n times that of 
describing AB with the velocity F, we have 

Vt=^nr (3). 

From (1), (2), (3), we get 

2 cos a = n (4), 

and 2 sin'a = n«cosa (5). 

From (4) and (5), by the elimination of a, we find that 

e = '^ (6). 

From the equation (4), we see that n must be less than 2, 
and, from (6), that 4 — n' must be less than n^ or n greater 
than ^2. Thus, that the problem may be possible, it is 
necessary tbat n be less than 2 and greater than ^2. 

(2) An imperfectly elastic ball is projected in a given 
direction within a fixed horizontal hoop, so as to go on 
rebounding from the surface of the hoop : to find the limit to 
which the velocity of the ball will approach ; and to shew 
that it will attain this limit at the end of a finite time. 

Let F, Fj, FJ,, F8,...be the velocities of the successive im- 
pacts; a, flp a,, a,,... the acute angles between the successive 
directions of impact and the tangents to the circle at the re-» 
spective points of impact. 

Then, the tangential components of the velocities of 
impact and rebound being equal at each point of impact, we 
have 

Fcos a= Fj cos aj= F, cos aj= = V^ cos a^ (1). 

Again, resolving normally the velocities of impact and 
rebound, 

Fj sin Oj = e F sin a : 

but Fj cos ttj = F cos a : 

hence tan a^ = 6 taa a, 
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and similarly tan a, = e tan cTj, 



tan a^^e tan ofg, 



tan a^ = e tan a ,. 

Multiplying these last n equations together and rejecting 
factors common to both sides, we have 

tan On = e* tan a. 

When w = 00 , we see from this equation that tan ol^=0, 
and therefore, by (1), that the terminal velocity of the ball is 
Fcos a. 

Again, r denoting the radius of the hoop, the time 
through the chord between the n*^ and (n + 1)^ impact, is 
equal to 

2r sin a^ 2r sin a„ __ 2r tan a„ _ 2r 6* tan a ^ 
^n ^n cos'* a„ ^n COS a„ "" F cos a 

hence the whole time between the first and {n + 1)^ impact 
is less than 

2re tan a .- . , ^ , , ^,. 2re tan a 1 - e" 

-^ (l-f-e + e'4- ...+0=-t7 '-^ » 

V cos a ^ '^Kcosal— 6 

and therefore the ball arrives at its terminal velocity in a 
time less than 

2r tana e 



F ' cos a ' 1 — e ' 

(3) A particle, of given elasticity e, is projected along a 
horizontal plane, from the middle point of one of the sides of 
an isosceles right-angled triangle, so as, after reflection at the 
hjrpotenuse and remaining side, to return to the same point : 
to prove that the cotangents of the angles of reflection are 
e+1 and 6+2 respectively. 

Let ABGy fig. (122), be the triangle, A being the right 
angle : let PQRP be the course of the particle : let 
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z PQB = ff, z EQC=- 0, z QRG=^<f>\ z PRA = ^. 

Then taxL0 = eiB.n0' (1), 

and tan <f> = e tan (f/ 

= e tan f-^; — ^) > 1^7 the geometry. 



1 + cot d .Q. 



Again, by the geometry, 

PQ sin (^ + ^) = PiZ sin {<f> + f ), 



^^^^'^i . AP 



■ A, . sin (^ + d') = -r— i-sin (<f> + 6') 
imp em 9 ^'^ ^"^ 



sm 

AP 



sing + ^-^), 



sin^ 
whence^ AF being equal to BP, 

cot ^ + 2 cot ^ = cot ^ (1 + cot ^) + 1, 

and therefore, by (1) and (2), 

1 

(e + 2) cot ^ = - (1 - cot ^) + 1, 

(e^ + 2e + l)cot^ = e + l, 
tan^ = e + l, 
and therefore, by (2), 

tan (f>==e + 2. 

(4) A locomotive is travelling at the rate of 60 miles an 
hour : shew that, if it were suddenly stopped, the violence 
of the concussion would be nearly as great as if it fell from a 
height of 40 yards. 

(5) A ball, of given elasticity, moving parallel to a given 
straight line in the plane of a circular arc, impinges against 
the arc: determine the point of impact, in order that the ball 
may rebound at right angles to its direction of incidence. 
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Let A be the point of the ark, the radius of which is 
parallel to the direction of incidence, and let P be the point 
of impact: then, r denoting the radius and e the elasticity, 

^P = rtan-'(e*). 

(6) An imperfectly elastic ball is projected along a smooth 
horizontal table in the direction AO: it strikes a smooth 
vertical plane at and rebounds in the direction OB: it is 
then projected along BO and rebounds in the direction 00. 
If the angle AOG be the greatest possible, prove that the 
acute angles of inclination of OAy OB, OG, to the vertical plane 
are in arithmetical progression. 

(7) ABC is a horizontal triangle : D, E^ F, the points 
where the circle inscribed in it touches the sides BG, CA, 
AB, respectively : prove that if a ball, of elasticity e, be 
projected from D, so as to strike AG at E and then rebound 
to F, AE = e . GE: if the ball return to D, prove that also 
AB=^e.AG. 

(8) A ball is projected from the middle point of one side 
of a billiard-table, so as to strike in succession one of the 
sides adjacent to it, the side opposite to it, and a ball placed 
at the centre of the table : shew that if a and h be the lengths 
of the sides of the table, and e the elasticity of the ball, the 
inclination of the direction of projection to the side a of the 
table, from which it is projected, must be 

tan ' 



\a 1-heJ 



(9) The tangents of the angles of a triangle ABG are in 
geometrical progression, tan B being the mean proportional : 
a ball is projected in a direction parallel to the side GB, so as 
to strike the sides AB, BC, successively: shew that, if its 
course after the first impact be parallel to AG, its course 
after the second will be parallel to BA ; and that, if e be the 
modulus of elasticity, 

sec B = ei + e~K 

(10) A particle, of given elasticity, impinges on a fixed 
rough plane in a given direction : determine the direction of 
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the motion of the particle after impact, the impulsive friction 
being proportional to the impulsive pressure between the 
particle and plane. 

If a, a\ denote the angles of incidence and reflection, e the 
elasticity of the particle, and fi the coefficient of friction, 

tan a' = - tan a — - (1 +e). 

(11) Shew that it is possible to project a ball on a 
smooth billiard-table from a given point in an infinite 
number of directions, so as, after striking all the sides in 
order once or oftener, to hit another given point ; but that 
this number is limited, if it have to return to the point from 
which it was projected. 



CHAPTER V. 



COLLISION OF SPHEBES. 



Sect, 1. Direct Collision. 

(1) Two spheres A and B, moving with equal velocities 
in opposite directions, collide directly : supposing that, after 
collision, A is at rest, and that B moves back with the 
velocity which it had before collision, to compare the masses 
of A and B. 

Let u denote the velocity of either sphere before collision, 
and let t/i, m\ represent their respective masses : then, the 
algebraic sum of the momenta being the same after collision 
as before, we have 

mu — mu = m\ 
and therefore ' 

m : m' :; 2 : 1. 

(2) A ball A strikes a ball B, which is at rest, directly, 
and, after collision, their velocities are equal and opposite : to 
find the mutual elasticity of the balls, supposing the mass of 
-B to be \ times that of A. 

Let m be the mass of -4, u its velocity before, and v its 
velocity, in the opposite direction, after collision : the mass 
of B is accordingly Xm, and its velocity v. Let e be the 
common elasticity of the balls. 
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Then, the algebraic sum of the momenta being the same 
before and after collision, 

mu = — mv + \mv, 

or w = (\ — 1) V (1). 

Again, by the equation of elasticity, u being the relative 
velocity before and 2v after collision, 

eu=:2v (2). 

From (1) and (2) we see that 

2 



\~r 



CoR. Since e is not greater than unity, \ is not less 
than 3 : thus we see that the problem is impossible unless 
jB's mass be at least three times as great as that of A. 

(3) A number of balls, of the same given elasticity, A^, 
A^ -4g,.... are placed in a straight line : A^ is projected with 
a given velocity so as to impinge on A^\ A^ then impinges 
on -4g, and so on : to find the relation between the masses of 
the balls, in order that each of them may be at rest after 
impinging on the next; and to find the velocity of the n***ball 
after its collision with the (n — 1)**". 

Let u^y u^, Wg'*" denote the velocities with which A^, A^^ 
J.^,... impinge respectively on A^, A^, -4^,...., and suppose the 
masses of the balls to be represented by J.^, J.^, A^,,. 

Then, since the momentum of A^_^ before striking A^ 
must be the same as that oi A^ after the collision, 

' ^n^„ = ^n-A_l (1). 

Also, by the law of elasticity, 

^« = ^^«-i (2). 

From (2) we see that Wj, u^, Wg,... form a geometrical pro- 
gression of which e is the common ratio, u^ being therefore 
equal to e""V^. 
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Again, from (1) and (2), we see that 

hence the masses of the balls are in geometrical progression, 
the common ratio being - . 

(4) A, By G, are three perfectly elastic balls at rest in 
the same straight line, -B being between A and C: Bis made 
to impinge directly upon A and, rebounding, strikes C: to 
shew that, if A and C, after having been struck by B, each 
move with the same velocity, 

m^, Wj, m^y being the masses of A, B, G, respectively. 

Let Vhe the initial velocity of B, and u^, w^, those of A, 
B, respectively, after their collision : see fig. (123). 

Again, let u\, u^, be the respective velocities of B, (7, 
after their collision : see fig. (124). 

Then, for the collision between A, B, the algebraical sum 
of the momenta being the same before and after collision, 

and, the relative velocity not being altered by the collision, 

hence (m^ — m^u^ = 2m^u^ (1). 

Again, for the collision between i?, Gy 

and u^ = u^''u\: 

hence 2m^u^ = (m^-\'m^u^ (2). 

From the equations (1) and (2), we see that 

mi — mj = m, + m^, 27»j:=Wi — m,. 
w. M. 13 
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(5) Two equal and imperfectly elastic spheres, A and -B, 
collide directly : the original velocity of A being known, find 
that of J5, in order that, ^ter the blow, B may be at rest. 

If u be the original velocity o{ A, B must meet it with a 
velocity equal to 

1 + e 

(6) An inelastic sphere impinges directly upon another 
of twice its mass, which is at rest : prove that it loses two- 
thirds of its velocity by the collision. 

4 

(7) Two balls are moving in the same direction with the 
velocities 5, 7 : after direct collision, their respective velocities 
are 6, 5 : determine their mutual elasticity. 

The required elasticity is ^. 

(8) A ball A impinges directly on a ball B, which is at 
rest, the balls being perfectly elastic : shew that, whatever be 
the masses, it is impossible for B to move after collision with 
twice A*8 original velocity. 

(9) Two balls are moving in the same straight line, one 
of them only being acted on by a force : if the force be constant 
and , tend towards the other ball, shew that the times which 
elapse between consecutive collisions decrease in geometrical 
progression. 

(10) The centres of three perfectly elastic balls, the 
masses of which are A, B, C, respectively, are in a straight 
line : A is made to impinge directly on B, and B con- 
sequently on C: compare the velocity communicated to G 
with the velocity which would have been communicated to it 
if the ball B had not been interposed. 

The required ratio is equal to 

2B(A^Cr) 
{A + B) (B+G)' 

(11) Equal beads, which are inelastic, are arranged at 
equal distances along a smooth horizontal wire : shew that, if 
one of them be projected with any velocity towards the next 
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bead, the velocities over the different intervals are in 
harmonic progression, and that the time, before any proposed 
bead is put in motion, is to the time, in which it describes 
the next interval, as the initial distance of the bead, from the 
original position of the projected bead, is to double each 
interval. 

(12) If of a set of five balls, of elasticity ^, the centres 
of which are in a straight line, and of which the masses form 
a geometrical progression of which the common ratio is 2, the 
first impinge directly upon the second, the second upon the 
third, and so on ; compare the velocity of the last ball with 
the original velocity of the first. 

The required ratio is Y^ . 

(13) An elastic ball A, moving on a smooth hori;zontal 
plane, impinges directly on an equal ball B initially at rest : 
shew that, if B afterwards impinges perpendicularly on a 
smooth wall, the' original distance of which from the nearest 
point of B is given, the time, which elapses between the first 
and second collision of the balls, will be independent of their 
radius. 



(14) A ball, of mass m,, impinges directly upon a ball of 
mass m,, which is at rest : if the vis viva before collision be 
\ times the vis viva after cblhsion, find their common elasticity. 

If e denote the elasticity, 

^2 ^ (1 - X) m^ + m^ 

Sect. 2. Oblique Collision, 

(1) A ball of mass m strikes another ball of mass nm, 
which is at rest, the inclination of the direction of the motion 
of the impinging ball to the line joining the centres of the 
balls, at the time of collision, being 30° : to find n in order 
that the impinging ball may, after collision, go off perpendicu- 
larly to the direction of its original motion. 

13—2 
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Let V, F', be the velocities of the former ball before and 
after collision, v the velocity of the latter ball after collision. 

Then, the component of the velocity of the impinging 
ball, at right angles to the line joining the centres, being the 
same before and after collision, we have 

V sin 30*^ = F sin 60^ 

or F=FV3 (1). 

Again, the algebraical sum of the momenta, resolved 
along the line joining the centres, being the same before and 
after collision, 

mF cos 30* = tww . t; - m F' sin 30", 

or FV3 = 2nv-F' (2). 

Also, the relative velocity of the two balls after collision, 
parallel to the line of the centres, being equal to e times that 
before collision, 

eFcos 30* = t; + F sin 30*, 

or eFV3 = 2t;+ F' (3). 

From (1), (2), (3), it follows that 

4 = n(3e-l), 
4 



or w = 



36-1 



This result shews that the problem is impossible if e be 
less than ^. If e = J, w = oo, and the motion of the impinging 
ball will be the same as if it had struck against an immove- 
able plane instead of a ball 

(2) Two equal billiard balls A and JS, of given elasticity, 
are lying in contact on a table : in what direction must A be 
struck, so as, after colliding with B, to go oflf in a given di- 
rection ? 

Let e be the elasticity of the balls. Let Fbe the velocity 
which the blow upon A would have communicated to it had 
it been isolated, the inclination of F to the line joining the 
centres of the balls. Let u, v, be the components, after 
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collision, of the velocity of A along and perpendicular to the 
line of the centres of the balls : u' the velocity of jB after 
collision. 

Then, by the formulae of direct collision, we have, for the 
motion parallel to the line of centres, 

Vcos0==u+u' (1), 

and eVcos0 + u = u (2). 

From these two equations, 

2i^=(l-e) Fcosft 

Also, since the velocity of A, at right angles to the line of 
centres, is the same before and after collision, 

V = Fsin 0. 

Hence - = ^i tan 0. 

u 1 — e 

But, if a denote the angle between the direction of ^'s 
motion and the line of centres, 

- = tan a: 
u 

hence tan = ^ (1 — e) tan a. 

CoR. Let R denote the mutual action of the balls, during 
collision, estimated by the momentum added to B or sub- 
tracted from A : then 

R = mu\ 

and therefore, by (1) and (2), 

J2 = J(l + e) Fcosd: 

but, if P denote the blow on A, estimated by the momentum 
which it would have communicated to it if isolated, and m 
the mass of each ball, 

hence JB = i (1 -f e) . . 

' m 
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(3) Two spheres, of masses m and m', the centres of 
which are moving in one plane, with given equal velocities, 
come into collision, the directions of their motions before 
collision being inclined to each other at an angle a : to find 
the magnitude of the velocity of their centre of gravity after 
collision. 

Let F denote the velocity of each sphere before collision, 
and 0, ffy the inclinations of the directions of their motions 
to the common tangent plane at their point of contact. 

The algebraical sum of the momenta after collision is 
equal, in any assigned direction, to the algebraical sum before 
collision. Hence the stim of the momenta after collision, 
parallel to the tangent plane, is equal to 

F(m cos ^ + m' cos ff), 

and the algebraical sum, after collision, at right angles to the 
tangent plane, is equal to 

V (m sin ^ — m' sin ff). 

Hence the components of the velocity of the centre of 
gravity after collision, in these two directions, are equal to 

V V 

7. (m cos + in! cos ff) and ? . (m sin O'-m sin ff)\ 




and therefore ite resultant velocity is equal to 



r 



-,.{mr + ^mm' cos (^ + ^) + m"} 



i 



> . (m* -f 2mm' cos a + m")^ 



m + m 

(4) Three equal smooth balls rest on a horizontal table, 
each being in contact with the other two : if one of them 
receive a blow in a given direction, at a given point in the 
plane passing through the centres of tie balls, to determine 
the direction of its motion after colliding with the other two. 

Let Ay fig. (125), be the centre of the ball which receives 
the blow, and By By the centres of the other two, at the 
instant of impact. Xet CAC be the line passing through A 
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and the point of contact of the balls B, 5'. Let X, Y, be 
the components of the blow on A, resolved along and perpen- 
dicularly to G(f. We will first of all suppose the balls to be 
perfectly inelastic. Let E be the impulsive reaction between 
A and B, and -B' between A and B' ; let U, V, be the 
components of the velocity of A, after collision, along the line 
A G and at right angles to it ; and let w, w', be the velocities. 
of 5, By respectively, after collision. 

Then, for the motions of the balls B, B ^ we have 

mu=^ R •••(!)> 

mu^B! :...(2); 

and, for the motion of A, resolving along and at right angles 
to AC, 

mU = X^^.(R + B) (3), 

and mV^Y+iiR-B) (4). 

But, the balls being inelastic, the component of A's velocity 
along AB must be equal to the velocity of B, and the 
component of A's velocity along AB must be equal to the 
velocity of B : hence 

u = iU^S + iV. (5), 

and w' = iCrV3-iF. (6). 

From (1), (3), (4), (5), we have 

B^^{X-^(R + B)} + i[Y+i(R^R)}y 

whence 4iS+B' = XV3+ Y. (7). 

Similarly, from (2), (3), (4), (6), we should get 

4i2' + JK = XV3-F. (8). 

From (7) and (8) we have 

B + R=^X^3 (9), 

and R-R = -Iy. (10). 
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If balls be elastic and e denote their elasticity, we must 
augment the values of R and R, as determined by (9) and 
(10), in the ratio of 1 : 1+6; and the equations (3) and {it) 
will then give the component velocities of A after impact. 

Accordingly m[7=X- ^(1 + e).|xV3 = l(2- 36)X, 

Jt o o 

and mF=r-|(l + e)|r =|(2-e)F. 

Hence, if a be the inclination of the blow received by A, and 
the inclination of -4's velocity after collision, to the line CC\ 

tan^= jr.^i — jr- .tana. 
o z — oe 

(5) A ball A lying on a smooth table, in contact with a 
rigid vertical plane, is struck obliquely by a ball B of the 
same size and mass, which is moving on the table in a direc- 
tion perpendicular to the vertical plane, a being the angle 
which the line of impact makes with the line of ns motion : 
to determine the direction of A'a motion after collision, e 
being the mutual elasticity of A and B, and unity that be- 
tween A and the vertical plane. 

Let m = the mass of each ball, F= the impinging velocity 
of B: We will first suppose the balls to be perfectly inelastic. 
Let B, fig. (126), be the mutual impulse of the two balls, 8 
the impulsive reaction of the vertical plane against the ball 
A, Let u be the velocity o{A, after collision, at right angles 
to AB, and v the common velocity of A and B in the direc- 
tion BA. 

Then, for the motion of By parallel to BA, 

mv = mFcosa — jB (1); 

for the motion of A, parallel to BA, 

mv = R^Scosa (2); 

and for the motion of A, at right angles to BA, 

inu = S sin a (3). 
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Since A, being inelastic, will not rebound from the verti- 
cal plane, we have 

wsina = vcosa, or w = vcota (4). 

From (3) and (4), 

CY sin* a 
cos a 

and therefore, by (1) and (2), 

^sln'^a ■ , 

io = mV cos a — it , 

cos a 

sin* a ^ <y 

o = it — i^ cos a : 

• cos a 

adding together these two equations, we have 

• ^ 

2S = mFcos a — 8 cos a, 

cos a 

and therefore fif=^Z^. 

1 4- sm a 

hence also 

ry o{ . sin*a\ mFcos a 

iJ = ;S cosa+ = 1 . ' 2 ' 

V cos a / 1 + sin a 

Next, suppose the Mutual elasticity of A and B to be e, 
that between A and the vertical plane being unity, Let u\ 
v\ be the components of A's velocity, after collision, at right 
angles and parallel to BA. Then, R and S being now 
replaced by (1 +e)R and 2>S, we have, for A's motion, 

^«/ n I ^\ ^ Fees a ^ mFcos* a 

mv =(l + g). T , .a 2 , , .8 cos a; 

l + sm'^a l + sm^a 

, Fcosa ,, « • X 

or V = , , ■ , (1 + e - 2 cos* a), 

1 + sin* a ^ '* 

J r ._ / ocf • 2mFsinacos*a 
and mu =2Ssma = = . ^ , 

1 + sm a 

, 2Fsinacos*a 
or M = ^ , . -a , 

1 + sm* a 
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t/ 1+6 — 2 COS* a 



Hence, 



vl 2 sin a cos a 



Let = the inclination of -4's motion, after collision, to 
the normal to the vertical plane : then 

. a u' cos a + 1?' sin a 

tan O =—7—: ; 

u sm a — v cos a 

2 sin g cos* g + sin a (1 4- 6 — 2 cos* a) 
^ 2 sin* a cos a — cos a (1 + e — 2 cos* a) 

_ (1 + e) sin a 
(1 — e) cos a * 

whence = tan"^ (- tan a j . 

(6) One perfectly elastic ball impinges upon another, 
which is at rest : if the original direction of the motion of 
the striking ball be inclined at an angle of 45° to the line 
joining the centres of the balls, find the angle between the 
directions of its motion before and after collision. 

If m be the mass of the impinging ball and m' of the 
other ball, the required angle is equal to 



tan 



\mj 



(7) Two equal balls, the common elasticity of which is e, 
start at the same instant with equal velocities from the oppo- 
site angles of a square along two contiguous sides and collide : 
determine the angle between their directions of motion after 
collision* 

The required angle is equal to 

(8) A and 5 are two equal and perfectly elastic spheres; 
A, moving with a velocity F, impinges on J5, which is at 
rest, the direction of J.'s motion, before collision, making 
an angle of 60* with the straight line which joins their 
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centres at the instant of collision : determine the directions 
and velocities of A and B after collision. 

A moves, after collision, with a velocity JFV3, at right 
angles to the initial position of the line of centres, and B 
moves along this line with a velocity ^ V. 

« 

(9) Two balls A and By the centres of which are moving 
in one plane with equal velocities, in directions which make 
angles of 60" with the line through the centres on the same 
side of the line, come into collision : if the common elasticity 
of the balls be |, compare their masses, when J.'s motion 
after collision is perpendicular to the line through their 
centres, and find the distance between the balls two seconds 
after collision. 

The mass of A must be twice that of 5, and, if V be the 
velocity of each ball before collision, the distance between 
the balls, two seconds after collision, will be equal to V. 

(10) A ball A impinges on an equal ball B, which 
is at rest: supposing the velocities of the two balls after 
collision to be equal, determine the change of direction in 
the motion of A^ 

If e denote the elasticity of the balls, the angle between 
the directions of A'b motion before and after collision is equal 

to tan"* (e*). 

(11) A ball A impinges obliquely on another ball B, 
which is at rest, and, after collision, the directions of motion 
of A and B make equal angles with J.'s previous motion : 
find these angles. 

If m, m', be the masses of -4, J5, respectively, e their 
mutual elasticity, and either of the required angles, 

(12) An imperfectly elastic ball lies on a billiard table : 
determine the direction in which an equal ball must strike it, 
in order that they may impinge upon a side of the table at 
equal given angles. 
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If e be the elasticity of the balls, a the magnitude of each 
of the given angles, fig. (127), and <^ the inclination of the 
direction of the motion of the impinging ball to the line of 
centres of the balls at the instant of collision, 

tan ^ = o (1 " ^) ^^^ 2a, 

(13) A ball, moving on a smooth horizontal table, 
impinges on two others in all respects like it, which are 
lying in contact, at the same moment : determine the 
mutual elasticity of the balls, if the impinging one be 
brought to rest, 

2 

The elasticity is equal to ^ . 

o 

(14) Two balls, of equal volumes and masses, moving 
with equal velocities, in directions passing through the centre 
of a third ball, which is at rest, impinge upon it, and upon 
one another simultaneously : compare the mass of either of 
the impinging balls with that of the third ball in order that, 
after collision, the directions of motion of the two impinging 
balls may be perpendicular to that of the third, the coefficient 

of elasticity being ^ . 

The mass of the third ball must be four times as great 
as that of either of the impinging balls. 

(15) Two equal balls of radius a are in contact and are 
struck simultaneously by a ball of radius 6, the centre of 
which is moving along a straight line which touches the two 
balls at their point of contact : if the balls be all of the same 
material, find their coefficient of elasticity in order that the 
impinging ball may be reduced to rest. 

The required coefficient is equal to 

y(a + 6)' 
2a«(2a + i)* 
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(16) Three equal and perfectly elastic balls -4, 5, G, 
move with equal velocities towards the same point, in direc- 
tions equally inclined to each other ; suppose, first, that they 
impinge upon each other at the same instant ; secondly, that 
B and G impinge on each other, and immediately afterwards 
simultaneously on A ; and, thirdly, that B and G impinge 
simultaneously on A just before touching each other; and 
let Fj, Fj, Fg, be the velocities of A after impact on these 
suppositions respectively : prove that 

F, = ^ Fj, and that V^^\ F,. 



CHAPTER VI. 



IMPACT OF FAXLING BODIES. 



(1) From what height must a weight of 12 pounds fall 
in order that it may impinge tipon the ground with the same 
eflfect as a weight of 25 pounds falling 6 feet ? 

The required height is 2Q^ feet. 

(2) Two inelastic bodies are dropped from P, Q, on to a 
smooth inclined line XY, and reach the lowest point of the 
line with the same velocity : prove that PQ is perpendicular 
toXY. 

(3) Two perfectly elastic balls are dropped from two 
points not in the same vertical line, and strike against a 
perfectly elastic horizontal plane : shew that their centre of 
gravity will never reascend to its original height, unless the 
initial heights of the balls be in the ratio of two square whole 
numbers. 

(4) Two equal perfectly elastic balls are dropped at the 
same instant from altitudes 

above a horizontal table : prove that, at the end of 6n + 1 
seconds, n being any positive integer, the velocity of the 
centre of gravity suddenly changes from g to 0, or from 
to g. 

If h' = ' J . g^ p being any positive integer, prime to 

2, 3, and 5, prove that it will be exactly two hours before the 
centre of gravity attains its original altitude. 



CHAPTER VII. 



IMPACT OF PROJECTILES. 

Sect. 1. Impact in the plane of motion. 

(1) There are two parallel walls, the distance between 
which is equal to their height : from the top of one of them, 
in a direction at right angles to it, a perfectly elastic ball is 
thrown, so as to fall at the foot of the same wall after rebound- 
ing from the other : to determine the position of the focus of 
the first path. 

Let h be the height of each wall, u the velocity of pro- 
jection, and t the time of flight between the instant of 
projection and the return of the ball to the foot of the 
first wall. . 

Then, the vertical descent not being affected by the 
impact at the second wall, 

h=\ge (1). 

e 

Again, the horizontal velocity being the same in magni- 
tude throughout the motion, and h being the distance be- 
tween the walls, 

h = ^ut (2). 

From (1) and (2) we see that 

. w*=2^A (3> 
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The equation (3) shews that the height of the directrix 
of the first path above the point of projection is equal to h : 
hence, the point of projection being the vertex of the para- 
bola, the focus must be at the foot of the first wall. 

(2) A particle, of elasticity e, is projected, at an angle of 
inclination y9 to a given inclined plane of altitude h, from the 
foot of the plane, so that after one rebound it just reaches the 
top of the plane, and describes part of the descending branch 
of the parabola after passing the top : to determine the latus 
rectum of the parabola. 

Let V be the velocity of projection, and f, f, the times of 
the first and second bounds. 

Then, since, by the nature of the problem, the velocity of 
the particle along the plane is zero at the top of the plane, 
we have 

Fcos /8 = gr sin a (^ 4- «') (1). 

Again, since V sin 13, cFsin^S, are the velocities, normal 
to the plane, at the commencement of the first and second 
bound, respectively, we have also 

, 2Fsin/8 ,, 2eFsini8 
^fcosa gcosa 

and therefore, by (1), 

cot/8 = 2(l + e)tana (2). 

Again, when the particle leaves the plane, its horizontal 
velocity is equal to 

cFsinyS.sina: 

hence the latus rectum is equal to 

2e'F'sin'/3sin'a , 

— — — ^^— ^— — — ^^-^^— ^ 

9 

but, since the particle only just reaches the top of the 
plane, 
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hence the latus rectum is equal to 

4e»Ataii')8siii^a 
^^h tan' /3 



1 + cot^ a 
4e% 



4 (1 + ef + cot' /3 



, by (2). 



(3) The axis of a parabola is vertical, and its vertex 
downwards : a perfectly elastic ball, dropped vertically, 
strikes the parabola with the velocity acquired in falling 
freely from rest through a distance equal to one-fourth of 
the latus rectum : to find the point at which it must strike 
the parabola, in order that after reflection it may pass 
through the vertex. 

Let V be the velocity of impact, A the vertex of the 
parabola, 8 the focus, and P the required point. Let t be 
the time between leaving P and arriving at A. 

Then, by the hypothesis, 

V^ = 2g.AS (1). 

Since the direction of incidence and the line PS make equal 
angles with the tangent at P, the ball, after striking the 
curve at P, will be reflected in the direction PS with the 
velocity F. 

Now PS is the space due to the velocity of reflection, 
and SA that due to the action of gravity, in the time t : 
hence 

P8=Vt, A8-=\gf, 

PS^ 9 "pa 

and therefore ~j-^ = = 4J.>Sf, by (1) : 

. hence PS=2AS: 

this result shews that P is one end of the latus rectum. 
w. M. 14 
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lall, of elasticity e, is projected from a point in an 
ae, and, after n rebounds, returns to its point of 
*o prove that, a being the inclination of the plane, 
igle between the direction of projection and the 



cot a . cot ^ = 



.«+i 



1-6 



1-e 



ing only motion normal to the plane, we see that, 
velocity of projection, the times of the several 

8 aeFsin^ 2e'F8in/3 i^VAufi 

' grcosa ' ^rcosa * '"* ^cosa * 

e that the whole time between leaving and re- 
le point of projection is equal to 

^rcosa ' i— 6 ^ '' 

msidering motion only parallel to the plane, the 
il is equal* to 

2Fcos)3 



y sma 
ting the expressions (1) and (2), we have 



(2). 



cota.cot^ = 



1-6 



perfectly elastic ball is projected from a point in a 
1 so as to strike against another vertical wall, 
he former : to determine the angle of projection 
t, if the velocity of projection be that due to n 
stance between the walls, the ball may return to 
projection or the point opposite to it in the other 
bounds. 

mote the velocity and a the angle of projection ; 
50 between the walls. Then, Fcosa being always 
al velocity of the ball, the time of n bounds must 



j 



Fcos a ' 
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Again, F sin a being the vertical component of the 
velocity of projection, the time which elapses before the 
ball returns to the level of the point of projection will be 
equal to 

2Fsina 

9 

' Since these two times are, by the hypothesis, equal, we 
have 

ncg = F* sin 2a : 

but, by the supposition, F" = %ncff : hence 

^1 TT . 

sm2a = 2, a = Y2' 

(6) A ball, of elasticity e, is projected upwards from a 
point in a plane, which is inclined to the horizon at an angle 
a, the velocity of the ball's projection making an angle /S 
with the plane, and the plane of projection being perpen- 
dicular to the intersection of the inclined plane with the 
horizon ; to find the condition that the ball may cease to hop 
at the highest point of the plane which it reaches. 

If F be the velocity of projection, the times of describing 
the infinite series of successive bounds are 

2Fsin/8 2eFsin/3 2e'Fs in/3 
^cosa ' ^rcosa ' grcosa ' ' 

and the sum of these times is equal to 

2Fsin/3 1 
g cos a ' 1 — e * 

But the velocity along the plane must be zero at the end of 
these times, since the ball must cease to ascend the plane 
when the normal velocity of rebound becomes zero : hence 

a ir o • 2Fsin/8 

0= FcosyS — asma. —yz r-^- — , 

'^ ^ ^r (1 - e) cos a 

and therefore we have, for the required condition, 

tan a . tan /8 = ^ (1 — e). 

14—2 
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(7) A ball is jfrojected from a point in aninclined plane, 
and, after impinging once upon the plane, rises vertically ; 
and finally ceases to hop at the point of projection : to deter- 
mine the elasticity of the ball. 

Let ehe the elasticity of the ball, and v,fj the components 
of the velocity of projection and of gravity, respectively, at 
right angles to the plane. 

Let t be the time between first and second impact, If that 
between second impact and the return to the point of projec- 
tion, and T the time between first impact and the return to 
the point of projection. 

Then T--t + t' ....(1)! 

Now t = ^ (2). 

Also, since the ball rises vertically after the first impact, 
the point of second impact must coincide with that of first 
impact, and therefore t' must be equal to the time between 
projection and first impact : hence 

t'-'j (3). 

Again, since the ball ceases to hop at the end of the time 
T after first impact, 

7=^(1 + 6 + ^^ + ...) = ^^^ (4). 

From (1), (2), (3), (4), there is 

and therefore e = ^ (VS — 1). 

(8) A ball, of given elasticity, drops from a given height 
upon a given inclined plane: to find the range on the plane 
at the first and second rebound. 
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Let a denote the inclination of the plane to the horizon 
and V the velocity of the ball the instant before impact. 

Let A, B, G, be the three successive points of impact of 
the ball on the plane. Let e be the ball's elasticity. 

The components of the velocity, just after impact at -4, 
will be Fsin a, along the plane, and eFcos a, perpendicularly 
to it. Hence the time of the first range will be equal to 

« 

2eVcoHa _2eV 
g cos a g * 

and therefore 

.„ 2eF /^^ . ^ - . 2eV\ 
AB = . I Fsm a -f J^r sm a . 1 

9 

Again, the component of the ball's velocity, perpen- 
dicularly to the plane, the instant after impact at B, is 
equal to e*Fcosa, and therefore the time of the second range 
is equal to 

2e^Fcosg _2e'F 
grcosa ~ g 

Hence the time of moving from A to (7 is equal to 



2e(l+e).-, 
9 



and therefore 



AC=2e{l-^e)X, \ 

9 



Fsm a + 4gr sm a . — " 



9 



= — ^^ — . sm a . (1 + e + e*), 

9 

and consequently 

£0 = — (l + e)*F'sina. * 
9 
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1 



If h be the height through which the ball drops before 
striking the plane, 

V* = 2gh: 
hence AB = ite (1^ e) h sin a, 

and BC =4e«(l -H eyh sin a. 

(9) An imperfectly elastic ball is projected, at an elevation 
of 45^, against a smooth vertical wall, the motion taking 
place in a vertical plane perpendicular to the wall : after 
impact, the ball strikes the ground between the wall and 
the point of projection, and, rebounding once, reaches the 
point of projection: to prove that, if a be the distance 
of the point of projection from the wall, and b the height, 
above the ground, of the point where the ball strikes the 
wall, then 

. 1-^' 

1+6* 

where e is the illative elasticity of the ball and the wall, and 
e that of the ball and the ground, which is supposed perfectly 
smooth. 

Let A, fig. (128), be the point of projection, Pthe point 
where the ball strikes the wall (7Z>, jB the point where it first 
strikes the ground AC. 

Let F= the velocity of projection. Then^ the horizontal 

Y 
component of V being -r^ , 

the time through AP=-~r^ ; 

and, the verticd compon^t of V being -j^ , 

the time through APB = — — ; 
and therefore 

the time through PB=^^-^ (1). 



i 
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Again, the horizontal Component of the ball's velocity, 

eV 
just after striking P, being -^ , 

the time through PBA = —^ ; 

and, the vertical component of the ball's velocity, just after 

e'V 
striking B, being -j^ , 

the time through BA = ; 

if 

and therefore 

the time through PB=^-^^-^ (2). 

From (1) and (2) it follows that 

FV2 aV2_oV2 e'FV2 
a V eV a ' 



and therefore F» = °^,i^ "*" H 

Finally, t heing the time through AP, 



V2" K^ ^^'V it; 



1 —66 
1 + e 



(3). 



(10) From a point P on the ground, equidistant between 
two vertical planes A and B^ an imperfectly elastic ball is 

projected, with a velocity (2^^^) , towards A and reflected 
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by it to 5 : find c, the altitude of the highest point of B the 
ball can reach : and shew, first, that, if a be the elevation 
of the direction of projection which enables the ball to attain 
that altitude^ 

tan' a = , ; 

secondly, that, if a, a\ be two elevations such that 

tan a' + tan a" = 2 tan a, 

two balls, projected in those directions towards A, will hit the 
same point o{ B; and, thirdly, that, if sin 2a" > cot a, a ball, 
projected in a direction of which the elevation is a"\ will hit 
some point of B, otherwise not. 

Let 6 be the angle of projection, t the time of flight 
from P to J5 ; r, r , the times from P to A, and from A to B 
respectively ; x the altitude of the point of impact of the ball 
on B, 

Then, 2a being the distance between A and B, 

x={2gh)hm0.^^gf (1), 

a=^{2gh)^cos0.T (2), 

2a = e{2gh)^cosd.T (3), 

and t=T+T , (4). 

2 + e 
From (2), (3), (4), putting =±= X, we have 

a 2 + e _ Xa 

{2gh)^ cos ^ * ^ "" {2gh)^ cos ' 
and therefore, from (1), 

ic = \atan^— -77 s-ti (5), 

4A cos* ^ '' 



( 
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From this equation we see that, c being the greatest 
value of X and a the corresponding value of 6, 

^^^ V^« = XV"^' ' = ^-4/r' 

and therefore tan' a = 



Again, the equation (6) shews that, for a single v^lue of x, 
there are two values of : let a\ a", be these two values : 
then, by a property of quadratic equations, 

tan a' + tan a" = r— = 2 tan a. 

Also, unless a?, as determined by (5), be positive, the ball 
will strike the ground before reaching B : hence a " being a 
proper value of 6, to insure impact on B, we must have 

XV 



Xatana > 



4A cos' a 



/'r > 



sin 2a " > ;w , or sin 2i'" > cot a. 
2A' 

(11) A ball is thrown against a smooth vertical wall : 
find the direction in which it may be projected with the 
least velocity, so that it shall return to the point of pro- 
jection. 

The angle of projection must be j . 

(12) Determine the velocity with which a ball of given 
elasticity must be projected from a given point, in a given 
direction, towards a vertical wall, in order that, after striking 
the wall, it may return to the point of projection. 

If e denote the elasticity, c the distance of the point of 
projection from the wall, and a the angle of projection, the 
required velocity is equal to 

e sin 2% ) 



f 
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(13) From the highest point jI of a vertical circle, a 
chord AP is drawn, making an angle with the vertical 
diameter AB : a perfectly elastic ball impinges on the concave 
circumference at P in the direction at AP, with the velocity 
due to sliding down AP: prove that if, after rebounding from 
the curve, it passes tbrougn B, 

sind+2sin5^ = 0. 

(14) A perfectly elastic particle, after falling through a 
height h, strikes the arc of a parabola, the latus rectum of 
which is I, at a point the distance of which from the directrix 
is a, the axis of the parabola being vertical and its vertex 
downwards : prove that, if a* = Ih, the particle will return to 
the point from which it fell by retracing its whole course. 

(15) An imperfectly elastic ball is projected from a point 
between two vertical planes, the plane of motion being per- 
pendicular to both : shew that the arcs described between the 
rebounds are portions of parabolas the latera recta of which 
are in geometrical progression. 

■ 

(16) A ball of given elasticity is thrown so as to impinge 
normally on one of two parallel walls, and then to rebound 
from wall to wall: determine the depths of the points of 
successive impact on the walls below the point of first 
impact. 

Let a = the distance between the two walk, e = the 
elasticity, u = the velocity of incidence at the first impact. 
Then the depth of the point of n^ impact, below the point of 
first impact, is equal to 



2w*'U-e ) • 



(17) A ball is projected from a point in a horizontal 
plane, and makes one rebound : find the relation between the 
angle of projection and the elasticity, in order that the hori- 
zontal range of the rebound may be equal to the greatest 
height which the ball attains. 

If a be the angle of projection and e the elasticity, 

tan a = 4ie, 
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(18) A perfectly elastic particle, dropped from a point P, 
impinges on an inclined plane at Q : if FN be perpendicular 
to the plane, prove that the range is equal to 8QJV", and that, 
if the lowest point of the range be given, the locus of F is 
a straight line, through this lowest point, inclined to the 
plane at an angle 



tan" 



(^cota), 



a being the inclination of the plane to the horizon. 

(19) A perfectly elastic ball is dropped iErom a height h 
above an inde^nite horizontal plane, and, after falling through 
a space w, is reflected at a small plane inclined to the horizon 

at an angle a, which is not greater than -^ : determine the 

value of X in order that the horizontal distance described 
by the ball before striking the horizontal plane may be a 
maximum. 

The required value of a? is ^h cosec* a. 

(20) From what point in a giv^n horizontal plane must 
a ball of given elasticity be let fall upon a given mclined 
plane, in ord^r that it may strikel a giVen point in that plane 
after one rebound ? 

Let a be the inclination of one plane to the other, a 
the distance of the given point arid x of the required point 
from the intersection of the planes: then, e denoting the 
elasticity, 

a cos a 

^""l + ^^ll + ejsiii'a' 

(21) From J., a point in a vertical circle, of which the 
centre is 0, a perfectly elastic ball is dropped : it rebounds 
on the circle from B to G, and thence vertically to D, after 
which it returns by the same path, B, C, D, being points in 
the circle : determine the angle BOG. 

The angle BOG is defined by the equation 

cos ^50(7 = '^^^^. 
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(22) A ball is projected from a point J. in a horizontal 
plane AB, so as to strike a vertical wall BG perpendicularly 
at G : shew that, if the elasticity of the ball be equal to |, 
relatively both to the wall and to the plane, it will come to A 
after one rebound on AB. 

(23) A ball is thrown horizontally from a point -4 so as to 
hit a point B, after one rebound at a point (7 of a horizontal 
plane : supposing e to be the coefficient of elasticity, and the 
height of B above the plane to be e^ times that of A, the 
height of A being such that a body would drop from it to the 
plane in 1", shew that the point where the ball must hit the 
ground divides the horizontal distance between A and B into 
two parts which are as 1 to c. 

(24) A ball, the elasticity of which is e, is projected 
from a point in a plane, which is inclined to the horizon at an 
angle a, the direction of projection making an angle fi with 
the upward direction of the inclined plaue : at the end of 
one rebound its motion is horizontal : prove that 



cot yS = 2 (1 + e) tan qt + e cot «. 



^25) Two planes OA, OB, are inclined at angles a, )8, 
to the horizon : a perfectly elastic ball is proiected from A 
and strikes B, and continues to rebound along the same 
curvilinear path between A and B : having given the length 
of the chord AB, find its inclination to the horizon and the 
time of flight. 

If c be the length of the chord ABy y its inclination to the 
horizon, and t the time of flight, thea 

tan 7 = J (cot ff — cot a), 

^_c sin (g -h /3) 

~fl^"{4sin»asin'/3 + sin»(a-/9)}** 

(26) From what height must a perfectly elastic ball be 
let fall into a fixed hemispherical bowl, in order that it may 
rebound horizontally at the first impact and strike the lowest 
point of the bowl at the second ? 
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If r be the radius cf the bowl, the required height is 

(27) A perfectly elastic ball is projected with a given 
velocity from a point between two parallel walls, and returns 
to the point of projection, after being once reflected at each 
wall: prove that its angle of projection is either of two com- 
plementary angles. 

(28) A ball, of elasticity e, is projected from a point in a 
horizontal plane : if the distance of the point of ti^ impact 
be equal to four times the sum of the greatest altitudes of 
the ranges, determine the angle of projection. 

The required angle is equal to 

tan"* ' 






(29) A ball is projected, at an elevation of 45°, from a point 
A in the floor of a room, in a vertical plane perpendicular to 
one of the walls, which it strikes at a point P : it then returns 
to the point A after n rebounds on the floor : find the ratio 
of P's height above the floor to -4's distance from the wall, 
the elasticity of the ball being e in relation both to the floor 
and the wall. 

The required ratio is equal to 

^ 1 - e^ • 

(30) A perfectly elastic ball is projected at an inclination 
/8 to a plane inclined to the horizon at an angle a, so as to 
ascend it by bounds ; find the condition that the ball may 
rise vertically at the n^ bound. 

The required condition is expressed by the equation 

cot a . cot y8 = 2/1 + 1. 

. (31) A perfectly elastic ball is projected in a direction 
perpendicular to an inclined plane : prove that the ranges 
of the successive hops on the plane are in arithmetical pro- 
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gression, and that one straight line will be a tangent to all 
the curves described. 

(32) A ball, of elasticity e, is projected with a velocity V 
at an angle /3 to the upward direction of a plane inclined to 
the horizon at an angle a, aud in a plane perpendicular to the 
intersection of the inclined plane with the horizon : prove 
that the ball will cease to hop at a distance a &om the point 
of projection, provided that 

F* sin2)8.seca /- tanqt.tan^S' 



9 1-e 



; /- tanqt.tanm 



(33) A ball, of elasticity e, is projected with a certain 
velocity at an angle /8 to the upward direction of a plane 

. inclined to the horizon at an angle a : l^nd the condition that 
the ball may return to the point of projection and cease 
hopping simultaneously. 

The required condition is expressed by the equation 

■ 

tan a . tan fi^l-e. 

(34) A ball, of elasticity e, is projected from the foot of a 
smooth plane, inclined at an angle a to the horizon, in a 
direction making an angle fi with the upward direction of 
the plane : prove that it will in the n^ bound move up or 
down the plane accordingly as 

2 — 6**^* — 6* 

cot a cot i8 > or < = • 

1 — e 

Sect. 2. Impact in any direction, 

(1) An imperfectly elastic ball is projected with a velo- 
city Fand impinges against a given vertical plane, which 
makes an angle fi with the plane of the ball's motion, a being 
the distance of the point of projection from the given 
plane, and a the inclination of F's direction to the horizon: to 
find the velocity V of the ball just after impact; and to 
determine the values of a and F' when the elasticity is 
perfect, in order that F' may be a minimum. 
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If ^ be the time between the instants of projection and 
impact^ 

-^—-5= Fcosa.^ (1). 

sinp ^ ^ 

The normal velocity of impact is equal to F cos a sin ^, 
and therefore the normal velocity of resilition is equal to 

eFcosasin/S. 

Again, the vertical velocity at the instant of impact is 
equal to 

Fsina — a<= Fsina — tt - ^ > by (1). 

^ FsmyScosa* ^ ^ ' 

Also, the horizontal velocity, parallel to the given vertical 
plane, at the instant of impact, is equal to Fcos a cosjS. 

Hence 

F'«=c'F*cos"asin«/3+f Fsina- ^r ""^ ^ S 

\ V COS a sm p/ 

+ F" cos* a cos* )8. 
If e = 1, we see that 



]r/«^pTij ^y 2afftana 

F* cos* a sin* /8 sin /S 

"*^ +Psin*/3^Psin*/3-*^ "^ " sin/S 

= ^y . / gytang _ ttY 
F*sin*y8"*'VFsin/3 '^>/ * 

From this result we see that Y is least when 

tana= , 

the corresponding value of F' being given by the equation 

^,_ ag 
^ ~ Fsin/3 • 

(2) A perfectly elastic ball 'is projected with a given 
velocity from the middle point of one of the sides of a given 
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equilateral three-cornered room: it strikes the two other 
sides and returns to the point of projection : to determine 
the direction in which it was projected. 

Let ABG, fig. (129), be the floor of the room, PQR the 
projection of the path of the ball upon the floor, P being 
that of the point whence the ball started. 

It is easily seen that the angles indicated in the figure by 
are equal, and that those indicated by are also equal. 

Now PB sin I = Pi2. sin ^, 

P(7sin^-=PQ.sin^, 

o 

and therefore, since PB = PC, 

PP.sin^ = PQ.sin^: 
but, from the triangle PQR, 

PR : PQ :: sin 2<f> : sin 29 ; 
hence sin 20 sin = sin 20 . sin 0, 

cos <}> = cos 0y 
and therefore i^ = ^ Jtt. 

Hence, as is easily seen, the triangle PQR is equilateral, 
each side being equal to half a side of ABC, 

Let F= the velocity of projection, a = the inclination of 
the direction of projection to the horizon, and a = the length 
of a side of ABO. 

Since the lines PQ, QR, RP^ are all equal, the times 
through the arcs, of which they are the projections, must be 
equal : let t denote the time through each. 

Then, Fsin a being the vertical component of the velocity 
of projection and t the whole time of flight, 

2VBmoL 

ot — « 
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and, ^a being the length of each side of the triangle PQB, 

Ja = Fcos a . t 

tt' 3 F»sin2flc 

Hence s<* = > 

2 g ' 

and therefore a = J sin"^ ( 9!/*) • 

(3) Three planes, two vertical and one horizontal, are 
mutually at right angles: a ball is projected from a given 
point in the horizontal plane, with a given velocity and in a 
given direction, and strikes successively each of the two 
vertical planes: to find the point at which it will again strike 
the horizontal plane, the coefficient of elasticity being sup- 
posed to be the same between the ball and each of the 
vertical planes. 

Let OA, OB, OGy fig. (130), be the intersections of the 
three planes, OC being vertical, and OA, OB, horizontal : 
let E be the point of projection, EFGH the path of the 
ball, H being the point at which it again stvikes the plane 
AOB. 

Draw EN at right angles to OB, and HM to OA. Let 
EN^ a, 0N= b, OM=^x, HM = y. Let u, v, w, be the com- 
ponents of the velocity of projection parallel to AO, BO, OC, 
respectively. Let t^, t^, t^, be the times of flight through the 
portions EF, FO, OH, of the path, respectively. Let e repre- 
sent the elasticity. 

The velocity, parallel to AO, from EtoF,is u; hence 

a = ut^ (1). 

The velocity from E to G, parallel to BO, is v ; hence 

• 6 = ^(^H-g (2). 

The velocity from FtoH, parallel to 0-4, is eu; hence 

X = €U{t^ + t,) (3). 

The velocity from O to H, parallel to OB, is ev ; hence 

y^^ev.t^ (4). . 

W.M. 15 
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• • ' • • • 

The whole time of flight is t^ + t^ + t^] hence 

^=t, + t, + t, (6). 

From (1), (3), (5), we see that 

/2uw \ 

and, from (2), (4), (5), 



y 



=«(t=-')- 



These -expressions for w and y determine the position of 
H, the required point. 

(4) A ball, thrown from any point in one of the walls of 
a rectangular room, after striking the three others returns to 
the point of projection before it falls to the ground ; shew 
that the space due to the velocity of projection is greater 
than the diagonal of the floor. 

(5) A ball, of elasticity e, is projected from the lower 
edge of one of the walls of a room with a square floor, the 
length of each side of the square being a feet, at an inclination 
to the horizon, with a velocity which would, if vertical, 
just carry it to the ceiling of the room : prove that, after 
hitting the other three walls in succession, it will return tQ 
the point of projection, if 

h being the height of the room, and c the distance of the 
point of projection from the wall on which the ball first 
impinges; 

(6) From the foot of a plane, inclined to the horizon at 
an angle a, a ball is projected with a velocity V along the 
surface of the plane, in a direction making an angle fi with 
the straight line in which the inclined plane intersects a 
fixed horizontal plane; determine the path and the time 
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which elapses before the ball reaches the foot of the inclined 
plane again : also, supposing the ball to be elastic, find 
the range of its rebound on returning to the horizontal 
plane, and the position of the plane in which the rebound 
takes place. 

The path on the inclined plane will be a parabola, the 
distances of its vertex and focus from the foot of the plane 
being respectively 

F'sin«i» , F« cos 2)8 

-TT — -. and -Q — -. , 

25rsina 25rsina 

the time of flight on the inclined plane being equal to 

2rsinff 
^r sin a * 

The inclination of the plane of rebound to the rectilinear 
foot of the inclined plane will be equal to 

tan"* (cos a . tan fi), 

and, e being the elasticity of the ball, the range of the rebound 
will be equal to 

— — . sin a . sin ^ . (1 - sin* a . sin" fiy. 
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CHAPTER VIII. 



COLLISION OP PROJECTILES. 



(1) An elastic sphere is projected from a point in a hori- 
zontal plane and, at the moment when it reaches its greatest 
altitude, collides horizontally with an equal sphere moving in 
the opposite direction with the same velocity : to determine 
the elasticity of the spheres in order that the former may 
return to the point of projection after one rebound on the 
horizontal ^lane, the elasticity relative to the impact being 
the same as that relative to the coUisioiu 

Let t be the time of moving from the point of projection 
to 'the highest point : the time of moving thence to the 
horizontal plane will be the same : let if be the time through 
the rebound, which we will suppose to terminate at the point 
of projection. Let e be the elasticity. 

Since the horizontal velocity during the last two portions 
of the motion is e times that during the first part of the 
motion, it is clear that 

Now the time of flight of a projectile varies as the vertical 
component of the velocity of projection ; hence, the first 
portion of the motion being a half night, and the last portion 
a whole one, we see that *' = 2e^. Hence 

and therefore ^ ~ 9 • 
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(2) A sphere Q is dropped from a height BG upon a 
smooth horizontal plane AC, aud, at the same moment, a 
sphere P is projected txom A so as to strike Q at the ii^istant 
when F is moving parallel to the plane. To determine the 
circumstances of P's projection ; and to ascertain the subse- 
quent motion, (1) when P impinges directly upon Q, (2) when 
Q impinges directly upon P ; both P and Q being smooth 
and inelastic. 

Let AG = a, BG=b; and let m, w', be the masses of P, 
Q, respectively. Let F, a, be the velocity and angle of pro- 
jection of P, and t the interval between the commencement 
of the motion and the collision. 

Then Vcosa. t=<i (1), 

and, V sin a being the relative vertical velocity of the two 
spheres and b their initial vertical distance, 

Fsina.^^6 (2). 

Also, Ps motion bdng horizontal the instant before 
collision^ 

fft^Vsma.. (3). 

From (1) ^nd (2), we see that 

tana = -... (4), 

a result which shews that the sphere P must be projected in 
the direction AB. 



From (2) and (3), we have 

-a' (')• 



t 



From (1), (4), (5), we see that 



4 / 5«Ni 
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The horizontal velocity of P, before collision, being Fees a, 
the horizontal velocity of each sphere afterwards, supposing 
P to impinge directly upon Q, will be equal to 

7. Fcosa, 



and therefore, by (1) and (5), ta 

ma /gy 

The vertical velocity of Q, just after as well as just before 
collision, is equal to 

gt^{hg)\hY(h). 

Supposing Q to impinge directly tfpon P, the vertical 
velocity of each sphere, jtist after collision, is equal to 

wlgt _^fn! (bgy 
m + m' m + m' * 

the horizontal velocity of P being, both before and after the 
collision, equal to 

Fcosa=:|,by (1), 



(3) Two balls, of elasticity e, are projected towards each 
other in the same vertical plane, at the same instant, from 
two points in a horizontal line, F being the velocity and a 
the angle of projection of each : after direct collision they 
return to these points T determine the distance between the 
points. 

The required distance is equal to 

eF«sin2a 



(4) Two equal imperfectly, elastic balls are projected 
simultaneously up the sides of an isosceles right-angled 
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triangle, of which the plane is vertical and hypotenuse hori- 
zontal, so as just to reach the top: supposing the triangle to 
be removed, and the balls to be projected with the same 
velocities and in the same directions as before, shew that, if 
the focus of the parabola, in which the balls move after 
collision, occupies the position of the centre of gravity of the 

triangle, the elasticity of the balls is -t^ . 

(5) Two equal and perfectly elastic spherical particles 
P, Qf are projected at the same instant in the same vertical 
plane from two points A, B, in the same horizontal line, at a 
distance ^g \JZ from each other ; the former vertically upwards 
with a velocity <7, and the latter, at an angle of 30° to BA> 
with a velocity %g ; determine where they will strike the ; 
horizontal line on their fall. 

P will strike the horizontal line BA, produced, at a point 
C, such that AC = 3-45, and Q will fall at the point A. 

(6) Two balls are thrown from given points A, B,in the 
same horizontal line, so as to move in one plane, and collide 
horizontally at their highest points : find the position of the 
point of collision, their horizontal velocities being given. 

If AB be represented by c, and w, v!, be the horizontal 
velocities of the balls, the altitude of the point of collision 
above AB is equal to 

9<? 



'\8 > 



2 (U'\-u) 

and the distances of this point from verticals through -4, B, 
are as u to u. 

(7) If m, m', be the respective masses of the balls in the 
preceding problem, and e their mutual elasticity, prove that 
m will return to A or m' to P, respectively, accordingly as 

2u 2u . , ^ 

—,0T — IS equal to 
mm 

(1+6). 



m + m' '^ 



■"1 
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Prove also that, in any case, if the balls strike AB at 
points A\ By 

A'ff^e.AB. 

(8) A tube of small bore, open at both ends, is bent into 
the form of a circular arc, two-thirds of the length of the 
entire circle, and is placed in a vertical position, the line join- 
ing the open ends being horizontal : if two equal balls start 
from rest from the highest point of the tube, prove that, after 
leaving the tube, they will collide at a point the vertical 
distance of which below the open ends is equal to the 
diameter, and that, if the elasticity be ^, the distance between 
the directrix of the parabola described by either ball before 
collision from that of the parabola described by it after 
collision is equal to one-sixth of the diameter. 



CHAPTER IX. 



IMPACT AND COLLISIOX OF BODIES MOYINQ ITNDKB CONSTEAINT. 

» 

Sect. 1. Impact, 

(1) A particlie, of elasticity e, is projected with a 
velocity V obliquely up a given smooth inclined plane, so as 
just to reach the top, and, at that point, impinges directly on 
a smooth fixed plane : to find the distance between the point 
of projection and the point in the horizontal plane through 
the point of projection, through which the particle passes in 
its descent. 

Let A, fig. ^31), be the point of projection, B the point 
of impact : let AG be the horizontal line through A in the 
inclined plane, D the point in AG through which the particle 
passes in its descent: draw BG at right angles to AG: a 
plane through BGy at right angles to the inclined plane, is 
the plane on which the particle impinges at B, because, by 
the nature of the question, the motion of the particle just 
before its impact^ which is direct, is horizontal. 

■ 

Let B(7= ly A = the vertical height of B above the hori- 
zontal plane through A, = the inclination of the direction 
of projection to AG,t = the time from A to -B. Then, Fcos fi 
being the component of the velocity of projection along AG, 
we have 

AG^Vcosfi.t (1). 

Again, the time of descent from B to D must be equal to 
that of ascent from A to £, because at B the velocity parallel 
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to BC is zero : hence, cFcos ^ being the velocity at B after 
impact, 

CD = eVcosfi.t .....(2). 

From (1) and (2) we have 

AD = {l-e) Vcoa I3.t (3). 

Again, considering the motion parallel to 5 C, we have 

"rsin*/3 = 2^A..... (4), 

2P 
and ^"gh ^^^* 

From (3), (4), (5), we see that the required distance AD is 
equal to 

(l-.).(P-25rA)i.(^). 

(2) Two smooth planes, each inclined to the horizon at an 

angle a, less than -j- , intersect in a horizontal line: an inelastic 

ball is projected from a point in the above intersection along 
one of the planes, in a direction making an angle fi with the 
intersection : to prove that the ball will cross from one plane 
to the other at intervals which decrease in geometrical 
progression, and will- cease to cross after a time 

Fsin^ • 
^rsin'a * 

at a distance from the point of projection equal to 

F'sin2ff 
2g sin* a * 

The components of the velocity of projection, parallel and 
perpendicular to the line of intersection, are Fcos )8, Fsin/S. 

Consider first the component of the motion which is at 
right angles to the line of intersection. 

The interval of time between the instant of projection and 
the first crossing is equal to 

2r8ing 
g sin a 
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iThe component of the velocity, at right angles to the line of 
intersection, with which the ball commences the ascent of the 
next plane, is equal to 

Fsin )8 cos 2a : 

hence the interval between the first and second crossing is 
equal to 

2 Fsin iS cos 2a 

* 

^sin a 

similarly, the ball's component velocity, at the beginning of 
the third ascent, is equal to Fsin ^ . cos' 2a, and the interval 
between the second and third crossing is equal to 

2Fsm/9co8^2g 
^ sin a ' 

and so on indefinitely. Thus the series of component ve- 
locities and intervals form two geometrical progressions, the 
common ratio of which is cos 2a, a ratio less than unity : thus 
the ball's velocity of ascent, at right angles to the line 
of intersection, will be zero, and it will therefore cease to 
cross, after a time, dated from the commencement of the 
motion, equal to 

• ; — — (1 + cos 2a + cos^ 2a + ... ad in£) 

^ sm a ^ ^ 

^ 2Fsinff ^ Fsin/9 

""^r sin a (1 — cos 2a) g sin* a * 

The distance of the ball from the point of projection, at 
the end of this tinie, since the component of the velocity, 
parallel to the line of intersection, is constantly Fcos /8, is 
6qual to 

r* sin /3 cos /3 ^ F* sin 2/3 
^sin'a 2gfsin'a * 

(3) A particle of given elasticity slides down a given 
inclined plane, and impinges on a horizontal plane at the 
foot of the given plane : find the range of the particle after 
reflection. 
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If e denote the elasticitvj of the particle, I the length of 
the inclined pla;ne, and a its inclination, the range is equal to 

|26Z sin a sin 2oc 

(4) A particle slides down an inclined plane of given 
height : if, at the bottom of the plane, it rebounds from a 
horizontal plane, determine the inclination of the former in 
oi:der that the range on (the latter i»ay be the greatest 
possible. 

The rei<juired inclinatioa is 45®. 

(5) If a minute ring descend from tlie highest to the 
lowest point of a vertical circle by sliding down two chords, 
prove that it is indifferent, as regards the time occupied, how 
the chords be taken : prove also that the sum of the squares 
of the velocities at the lower ends of the chords will be 
constant. 

(6) AB is a smooth inx^lined plane, terminating in a 
smooth horizontal plan.e BG : a number of balls slide down 
different lengths of -4J5, and are reflected by BG\ prove that, 
if they all strike J3(7 again at the same distance from JB, their 
elasticities must vary inversely as the lengths of AB severally 
described by them. 

(7) A regular hexagon, made of wire, is placed with one 
diagonal vertical, and a small ring slides down the circum- 
ference from the highest point to the lowest : compare the 
velocity acquired with that due to falling down the diagonal 

The velocity acquired by falling down the circumference 
is to that due to falling down the diagonal as 5 to 8. 

(8) A ball, of elasticity e, is projected, with a velocity Fj 
directly up a smootl^ plan<e inclined to the horizon at an 
angle a: when the ball has moved through a distance c, it 
strikes a smooth vertical plane, the intersection of which 
with the former plane is a horizontal line : prov£ that, if 



V^^go 



' . . cosec a ^ 
2 sm a + 



2e (1 1 6)^ 
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it will re"bouiid to the point of projection; and that, F being 
given, the range along the plane will be a maKimum and 
equal to 

e(i+e)r .. . F* 

. J — , ifsma=:j — . 
4ig^o 4igc 

(9) A ball is projected with a given velocity along a 
smooth horizontal plane : it meets a small incKned plaile, the 
intersection of which with the horizontal plane is perpen- 
dicular to the line of the ball's motioH: find the greatest 
altitude to which the ball afterwards rises and the' horizontal 
range. 

If a = the inclination of the small plane, e = the elaiSticity 
of the ball, and F== the velocity of projection, the greatest 
altitude to which the ball afterwards rises and the hori2tontal 
range are respectively equal to 

^ (1 + ey sin? 2a, 

F* . . 

and — (1 + e) . (cos* a-^e sin' a) . sib 2a. 

g 

(10) AOB is tbe vertical diameter of a vertical circle, of 
which is the centre: a perfectly elastic particle slides down 
any chord AG, and, being reflected by the chord BG, describes 
its path as a projectile : find the locus of the foci of all the 
parabolas. 

The required locus is a circle of which ^ is a diameter. 

(11) An imperfectly elastic ball slides doWn a smooth 
inclined plane, and impinges upon a smooth horizontal plane: 
find the time which will elapse before the ball ceases to hop. 

If c be the length and a the inclination of the inclined 
plane, then, e denoting the elasticity of the ball, the required 
time is equal to 

= . — 1 . (sm a)\ 

1-e \gj 

(12) The axis of a parabola is vertical, the vertex down- 
wards: a circle, the centre G of which is a point in the 
parabola, passes through the' focus jS : a perfectly elastic 
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particle, sliding down C8, is reflected at S by the cirele; 
then moves freely under the action of gi-avity, and filially 
stjikes the circle at its lowest point : find the length of CS. 

CS is equal to two-thirds of the latus rectunu 

Sect. 2. Collision. 

(1) Two particles, the common elasticity of which is ^, 
are let fall in opposite directions at the same instant from the 
highest point of a smooth circular tube of very small bore, 
placed in a vertical position : to find the ratio of their masses, 
in order that the heavier particle may remain at rest after col? 
lision, and to determine the height to which the other will rise. 

Let r be the radius of the circle, m the mass of the larger 
and m of the smaller particle, u the velocity of each particle 
the instant before collision, and v the velocity of m just.after 
collision. 

Then u^^igr (1). 

Again, the sum of the momenta being the same just 
before and just after collision, 

mu^Tau^mv (2), 

and, the relative velocity after collision being e times that 
before collision, 

6.2w = t; (3). 

From (2) and (3) we see that 

{w! — w) w = 2emi^| 
and therefore 

3 

m' = (1 + 2e) m = 5 m. 

Also, h being the height to which m will rise after collision, 

-4eV, by (3), 
• =16eVr, by(l), 

and therefore h^-^r. 
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(2) AB is an inclined plane : a ball of mass m slides 
from rest at A down AB, to meet a ball of mass m, which 
starts at the same time from B directly up the plane : after 
collision, m just returns to A : to find the starting velocity of 
m\ the place of meeting, and the motion of the centre of 
gravity of the balls. 

Let I be the length and a the inclination of AB to the 
horizon : let u be the velocity of m' at starting, t the time 
between the commencement of the motion and the collision : 
V, v\ the velocities of m, m', the instant before collision, 
estimated. respectively along AB, BA; and v^ the velocity of 
m', the instant after collision, estimated along AB. The 
velocity of m, the instant after collision, must, by the 
condition of the problem, be v along BA. Let e be the 
elasticity of the balls. 

Then we have. . 

v = gsina.t (1), 

and v' = u—gsiaa.t (2). 

Again, since gravity has no effect upon the relative 
motion of the balls, and since during the time t they have 
approached each other by the space I, we see that 

l = ut '. (3). 

Again, by the equations of collision, we have 

m V — mv = mv — m\, 

» 

or m(v+v^=^2mv (4), 

and e(v + v) = v + v^ (5). 

From (1), (2), (5), we get 

v\-v=u and v-\-v^=^eu^ 

and therefore, by (4), 

m'{{l + e)u-2v} = 2mv, 

(1+e) mfu = 2 (m + m) v : 

but, by (1) and (3), 

gl sin a 
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, 5 2flrZ8ina m + ^n' 

hence w = -^ . -, — . 

1 + e m 

Again, the distance of the point of collision from A 
is equal to 

J(5rsina.*' = J5rsina.-i 



m 



Also, the initiad velocity of the centre of gravity, in the 
direction ABy being equal to 



trCu 



its velocity, at the end of any time ^', in tfie same direction, 
since it is not affected by collision, may be always represented 
by the expression 






m-\-m 

(8) Two inelastic unequal weights, P and Qy are con- 
nected together by a fine string of given length, which is 
placed over a si!nooth fixed puUy : after descending through 
a feet, P impinges on a fixed horizontal plane : to find the 
time which will elapse before the system comes to a state of 
permanent rest. 

Let /= the acceleration of P, Q, when both are moving. 

Let w„ = the velocity of P-h Q, the instant before the n^ 

impact on the horizontal plalie. The time during which Q 

will move, subsequently to the impact, before disturbing P, 

2u 
will be equal to — ^- At the end of ^'s free motion, that is, 

the moment the. string is again tightened, the velocity of 
P + Q will be equal to 

p+Q ^^^' 
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and accordingly the whole time of P's ascent and descent will 
be equal to 

Hence the whole time between the n^ and (n + 1)*^ 
impacts is equal to 

g V^P-Q)-g{P-.Q) ^^^* 

Again, since the velocity of P + Q is the same just before 
the (n + 1)*" impact as just after the first tightening of the 
string after the n* impact, we have, by (1), 

"-«"P + Q'" ^^^' 

This relation shews that the velocities u^, «,, «,,... form a 

geometrical progression of which -p-^-^is the common ratio: 

hence w, = when w = oo : thus, when n = oo , the system is 
permanently at rest. 

The whole time therefore which will elapse, after the first 
impact, before the system comes to permanent rest, is, by (2), 
equal to 

2P 

-Tp^^ («, + M, + M, + ... ad inf.) 

=1W^) ^' +pfe+ (PW'^-'^"'^' ^' ^'^' 
2P«. p+g 

9{p-Qy p 

_ 2 (P+ Q) 



g (P- Q) • "*- 



-g{P-Q)X"'P+Q3) 
_ (2a P+Q\i 

~^\J'P^q) ' 



I 



W. M. 16 
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(4) A cannon in recoiling is made to run up a smooth 
curve, the lowest element of which is horizontal : the vertical 
altitude of the highest point to which the cannon runs up 
this curve being observea, and the weights of the cannon and 
the ball being given> find the velocity of the ball. 

If m, m', be the respective masses of the ball and cannon, 
and h the vertical ascent of the cannon, the required velocity 

is equal to — (^gh)\ 

(5) Two weights P, Q, are connected by a fine string 
passing freely over a smooth fixed pully: if an additional 
weight P + Q, not in motion, be suddenly attached to either 
weight, at any instant during the motion, determine the 
sudden change of velocity. 

The velocity of the weights is suddenly diminished by one 
half, 

(6) A perfectly elastic ball is projected obliquely, and, 
on reaching the highest point 6f its path, strikes horizontally 
another equal ball hanging by a string from the directrix of 
the path: prove that the struck ball will just reach the 
directrix, 

(7) Two given inelastic weights are connected by an 
inextensible string, which passes over a smooth pully : the 
system being initially at rest, find the weight which, let fall 
at the beginning of the motion from a point vertically above 
the ascending weight, so as to impinge directly upon it, will 
instantaneously reduce the system to rest. WHl the system 
afterwards remain at rest? 

If P be the larger and Q the smaller of the two given 
weights, the required weight is equal to P — Q. The system 
will remain permanently at rest, 

(8) Two masses m, m\ are connected by an inextensible 
string, which is placed over a smooth peg, and the system is 
abandoned to the action of gravity: at the end of an interval 
Tj a mass /i, not in motion, is suddenly attached to the smaller 
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of the two masses, and this operation is repeated at the end 
of each succeeding interval r : prove that, if 

2 (m -- m') 

where ^ is an integer, the system will come to rest at the end 
of the time (p + 1) t, 

^ (9) Two perfectly elastic balls, of equal volume and 
weight, are suspended by thin rigid wires from two fixed 
points in the same horizontal line : the length of each wire, 
measured from the centre of the ball, is a, and, when the 
wires are vertical, the balls are in contact : one ball is raised 
and allowed to impinge on the other : determine the motion 
of the balls after successive impacts; and shew that their 
centre of gravity describes between successive impacts an arc 
of a circle, of diameter a, in the time of oscillation of a simple 
I>endulum of length a. 
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CHAPTER X. 



DYNAMICAL UNITS. 



(1) A body, moving uniformly, is observed to describe a 

feet in n seconds : supposing the unit of time to be the [- j 

of a minute, what must be the unit of distance in order that 
the numerical value of the body's velocity may be unity? 

The body describes a feet in n seconds, and therefore - 

feet in 1 second, and therefore — x 60 feet in the ( - ) 'of a 

qn ^ \qj 

minute, i.e. in a unit of time; supposing tl^erefore the velocity 
of the body to be unity, the unit of distance must be equal to 

60pa 
qn 

(2) What is the numerical value of the acceleration of a 
falling particle, taking an inch as the unit of space, and half 
a second as that of time ? Employ this numerical measure to 
find the height which a particle, projected vertically upwards 
with the velocity of 322 feet per second, will rise; and test 
the correctness of your result by comparing it with that 
obtained by taking a foot and a second as the units of length 
and time. 

The space whict would be described in one second, with 
the velocity generated in a falling body in one second, is equal 



i 
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to 32*2 feet and therefore to 322 x 12 inches : hence the 
space which would be described in half a second, with the 

velocity generated in half a second, is t x 32*2 x 12 inches, 

that is, 96^6 inches. Hence the numerical value of the 
acceleration of a falling particle, an inch and a half-second 
being the respective units of length and time, is 96*6. 

If a particle be projected vertically upwards, with a 
velocity of 32*2 feet per second, it is projected with a velocity 

of ;^ X 12 X 32*2 inches per half-second : hence, h being the 

required Jieight of ascent in inches, 



( 



^ X 12 X 32-2y = 2 X 96-6 X A, 



6' X 32-2 = 2 X 3 X A, 

A = 6 X 32-2 inches : 

thus the height of ascent in feet is 16*1. 

Taking a second as the unit of time and a foot as that of 
length, we have, h being the required height in feet, 

(32-2)" = 2 X 32-2 x h, 

A = 161. 

Thus the two values of h coincide. 

(3) The measure of gravity being 32, when a foot is the 
unit of length and a second that of time ; to find the unit of 
time, when the unit of length is a yard, and 24 is the measure 
of gravity. 

Let t seconds be the required unit of time. Now the 
space, which would be described in one second with the 
velocity generated iri one secoQd, being 32 feet, the space 
which would be described in t seconds, with the velocity 
generated in t seconds, is equal to 32^' feet: consequently 
32^ feet is equal to the measure of gravity, when t seconds 
are the unit of time. But, by the hypothesis, the measure of 
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gravity, the new unit of time being adopted and the unit of 
length being a yard, is 24. Hence 

32<" = 24x3, e' = ^, < = |- 

(4) A body describes 75 feet from rest and acquires a 
velocity of 20, under the action of a uniform force 8, in 5 
seconds : what have been taken as units of time and length? 

Let t seconds be the unit of time aflid a feet the unit of 
space. 

Then the space which would be described by the body in 
t seconds, with the velocity generated in t seconds, is equal to 
8a feet, and therefore the space which would be described in 
t seconds, with the velocity generated in one second, is equal 

to — feet, and the space which would be described in t 

seconds, with the velocity generated in 5 seconds, is equal to 

— T- feet. But, by the hypothesis, this last space is also equal 

to 20a feet: hence 

*^? = 20a. t = % 

or the unit of time is equal to 2 seconds. 

Again, for the determination of a, we have 

(20a)» = 2 X 75 X 8a, 

and therefore a= 3; that is, the unit of length is equal to 
three feet. 

The unit of time may be determined also briefly in the 
following manner. 

Let T units of time be equal to 5 seconds : then, since a 
velocity 20 is generated by a uniform force 8 in t units of 
time, 

20 = 8t, t = |; 
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thus ^ units of time are equal to 5 seconds, and therefore one 
unit of time is equal to 2 seconds. 

(5) If / be the measure of a uniform acceleration, when 
i minutes and a feet are taken as the units of time and 
length, to find the number of minutes in the unit of time, in 
order that /' may be the measure of thesameacceleration, 
when a' feet are taken as the unit of length. 

Let ^ denote the required number of minutes in the 
latter unit of time. 

The space which would be described in t minutes, with 
the velocity added in t minutes, is equal to /a feet, and there- 
fore the space which would be described in one minute, with 

fa 

the same velocity, is equal to ^ feet, and consequently the 

space which would be described in one minute, with the 

velocity added in one minute, is equal to*^ feet. Hence the 

space which would be described in i! minutes, with the 

velocity added in one minute, is equal to "^.^'feet, and 

therefore the space which would be described in i minutes, 

with the velocity added in i minutes, is equal to -^ . ^* feet. 

But fa! also represents the number of feet which would be 
described in i minutes with the velocity added in il minutes: 
hence 



and therefore t 



''& 



(6) If the force of gravity be taken as the unit of force, 
and a rate of ten miles an hour as the unit of velocity, what 
must be the units of length and time ? 

Let a feet be the unit of length a,ud t seconds the unit of 
time. 
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Then the force x)f gravity, being the unit of force, gene- 
rates in a unit of time a unit of velocity, that is, the space 
which would be described in t seconds, with the velocity 
generated in t seconds, is equal to a feet. But the space 
which would be described in t seconds, with the velocity 
generated by gravity in t seconds, is equal to 32*2^ feet: 
hence 

a = S2'2f (1). 

Again, at the rate of ten miles an hour, the space which 
would be described in t seconds is equal to 

10x1760x3,. ^ 44,. , 
— 60-x-60^*^""* = T^^^"*^ 

but this space is the measure of the unit of velocity, that is, 
a feet: hence 

a = ^< (2). 

From (1) and (2) we see that 

(Uy 44 

= t: ::r-r-T. t = 



9x32-2* 3x32-2' 

Thus the units of length and time are respectively 

(44)« 



9 X 32-2 



feet. 



arid t; — ^r^r-^ soconds. 

3x32*2 

(7) To determine the dynamical unit of weight, the 
mass in a cubic foot of water being the unit of mass, and the 
unit of accelerating force being the force which in a second 
generates a velocity of one foot per second. 

The unit of pressufe is the pressure which generates a 

unit of velocity in a unit of time in a unit of mass. Hence 

the unit of weight is a weight which generates a unit of 

velocity in a unit of time in a unit of mass. But, by the 

W 
formula W= Mg, a weight — generates in a mass M a unit 

of velocity in a unit of time : hence, if the mass in a cubic 



1 
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foot of water be the unit of mass, a foot and a second being 
the respective units of length and time, the unit of weight is 
equal to the ^ part of the weight of a cubic foot of water, 

that IS, to g^ oz. 

(8) A uniform force acts in a fixed direction on a mass 
of 161 pounds, initially at rest, for one second, and, at the end 
of that time, has produced a velocity of 20 yards a minute: 
to compare this force with the weight, of 1 pound, the accele- 
rating eiFect of gravity being 32*2 feet. 

Since the force generates in t^e mass in one second a 
velocity of 20 yards a minute, that is, a velocity of 1 foot per 
second, it follows that it would generate in a g^ part of the 
mass in one second a velocity of g feet per second : hence the 
force is equal to the weight of the g^ part of the mass^ that 
is, it bears to one pound the ratio of 161 to 32*2, and there- 
fore of 5 to 1. 

(9) State the convention with respect to units which is 
necessary, in order that the equation P = Mf may represent 
the relation between the numerical measures of force, mass, 
and acceleration; and, supposing the unit of force to be 
5 lbs., and the unit of acceleration, referred to a foot and a 
second as units, to be 3, find the unit of mass. 

It appears, as the result of experimental facts, that 
PocMfy and therefore that P = CMf, the constant C depend- 
ing on the units assumed. The equation P = Mf implies 
that the unit of mass is the mass of a body in which the 
unit of force produces the unit of acceleration, that is, two 
of the units being given, the assumption that (7=1 defines 
the third. 

Let m measure the mass of a body the weight of which is 
5 lbs. Then, since a force of 5 lbs. produces in m an accele- 
ration g, where g^ referred to a foot and a second as units, 

is 32*2 approximately, and since, when P is given, /oc—, it 

would produce an acceleration * 1 ' in a mass^m, and therefore 

an acceleration 3 in a mass ^gm. 
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Hence the unit of mass required is to m as ^ is to 
3, and is therefore the mass of a body the weight of 
which is 

32-2 ^„ 161 „ 
— ^ X 5 1 Ds. = —^ lbs. 

Taking 1000 oz. as the weight of a cubic foot of water, the 
volume of water representing the unit of mass will be 

161 16 322,, . V- p . 
-3-^i000^'375^^'^^'^^''^^^- 

(10) To find the statical measure of the force which in 
half a mile would stop a railway train of 120 tons weight, 
moving at the rate of 25 miles per hour. 

Let /be the measure of the retardation, a mile being the 
unit of length and an hour the unit of time : then 

(25)» = 2/x|=/ 

Hence the pressure would communicate to the train in 
one hour, if disturbed from rest, a velocity of (25)* miles per 
hour, and therefore in one second a velocity per second of 

^^% X 1760 X 3 feet 



(60) 

5" X 2^^ X 5 X 11 X 3 
2* X 3* X 5* 

5x11 



feet 



2^x3' 



feet. 



Let P denote the required pressure, in tons. Then a force 

5 X 11 

of P tons would generate in one second a velocity of -^g — ^j 

Z X o 

feet per second in a mass of 120 tons; and therefore a 

2^ X 3' . • 

force of P xg X - — p- tons would generate in one second 

in the same mass a velocity of g feet per second. Hence, g 
denoting 32'2, 
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P X 32-2 X 5ii^= 120 tons, 
6 X 11 

„ 5»xll . 1375^, , . 

•^=F732^2**«^=14i9*^^^**^'^ 

(11) Given thai g is the measure of gravity, 1" being 
taken as the unit of time, find its measure when the unit 
is 2'. 

The required measure is 14400^. 

(12) If* the numerical value of the accelerating force 
of gravity be g, when a second is taken for the unit of time, 
what is its numerical value when half a second is taken for 
the unit? 

1 

The required numerical Value is -^g^ 

(13) K 32 be the mestsure of gravity when a foot and a 
second are the units of length and time, find the measure 
when a yard and ten seconds are chosen for the units. 

The required measure is 1066|. 

(14) if 32 be the measure of the accelerating force of 
gravity, find what the unit of time must be in order that the 
measure may be changed to 128. 

The unit of time must be two seconds. 

. (15) If a line 10 feet long be taken as the unit of length, 
how many seconds must be taken as the unit of time, in order 
that the measure of the accelerating eflfect of gravity may be 
40 ; 32 being taken as its measure when a foot and a second 
are taken as the unitd of length and time ? 

5 

The required number of Seconds is -7^ . 

(16) If the unit of time be altered in the ratio of 1 to n, 
and the unit of length in the ratio of 1 to m ; in what ratio 
is the measure of accelerating force altered ? 

The required ratio is that of v? to m. 
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(17) If the accelerating effect of gravity be taken as the 
unit of accelerating effect, and a velocity of a mile a minute 
as the unit of velocity ; find the number of seconds and feet 
in the units of time aud length. 

The required number of seconds and feet are, approxi- 
mately, 273 and 240*49 respectively. 

(18) The accelerating force of gravity being measured by 
32*2, when a foot is the unit of length, and a second the unit 
of time ; what will be its measure, when a yard is the unit of 
length, and two seconds the unit of time ? 

The required measijire will be, approximately, 42*9. 

(19) A body falls through a feet and acquires a velocity 
6, under the action of a uniform force/, in t seconds : what 
are the units of time and length ? 

The respective umts of tiniie and length are*^ seconds and 
-Ta- feet. 

(20) lifyf, be the measures of the accelerating effect of 
a force when m-Vn seconds and vri^n seconds are the 
respective units of time, a feet and a feet being the respective 
units of length, find the measure of the accelerating effect of 
the force when 2m seconds are the unit of time, and c feet the 
unit of length. 

The required measure is equal to 

il(a/)* + (a'/)*r. 

(21) What must be the unit of weight, when the weight 
of a body, the mass of which is the unit of mass, is 3 lbs., 
a foot and a second being the respective units of length and 
time ? 

The required unit of weight is the r^ th part of a 
pound. 
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(22) The unit of pressure being lib., and the unit of 
accelerating force being the force which in a second generates 
a velocity of one foot per second, what is the unit of mass ? 

The unit of mass is equal to that contained in a weight of 
32ilbs. 

(23) Prove that, under the assumptions by which the 

unit of mass is detertnined*, its magnitude varies as - , where 

-^ 

t seconds and s feet are respectively the units of time and 

length. 

(24) A body, weighing n pounds, is moved by a con- 
stant force, which generates in a second a velocity of m feet 
per second : what weight would the force support ? 

The required weight is equal to — pounds, where 
g = 32-2. 

(25) If the mass of a cubic foot of distilled water, the 
weight of which is 1000 oz., be taken as the unit of mass, 
what is the weight, in pounds, of the unit of weight, one foot 
and one minute being the units of length and time ? 

The unit of weight is equal to 

2'x3^xl&l ^''''^- 

(26) A uniform pressure of statical intensity equal to 
20 lbs. will produce, in a body of 3 lbs. Weight, a velocity of 
3 units in one second of time. Assuming ^ lb. to be the unit 
of weight, find, (1), the number of feet in the above units, 
(2), the mass of the body of 3 lbs. weight, (3), the weight of the 
unit of mass : the accelerating force of gravity being assumed 
to be 32-2 feet. 



The unit of length = 7l| feet, the mass of the body = 20 

3^ 

20 



3 

units of mass, and the weight of the unit of ma8S = xT7lbs. 
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(27) An engine starts a train with a pressure, which 
continues uniform for five minutes, when it is found that the 
train is moving at the rate of twenty-three miles an hour: 
supposing the pressure to remain uniform for fifteen minutes, 
find the velocity of the train, and, assuming that g is equal to 
32*2 feet, find the ratio of the pressure to the weight of the 
train. 

The required velocity of the train is 69 miles an hour and 
the required ratio is 11 ^to 3150. 



CHAPTER XI. 



LIVE THINGS. 



(1) Upon a smooth table is placed a needle of given 
mass, upon which at one end rests a given flea: the flea after 
a time skips with a given velocity in a given direction and 
alights upon the needle at its other end : to find the length 
of the needle. 

Let m be the mass of the flea, fi that of the needle : let V 
be the initial velocity of the flea and a the inclination of the 
initial direction of its motion to the needle : let ^ be the 
duration of the flea's leap : let a? = the length of the needle. 

The horizontal range of the fleas leap is equal to 

V^ sin 2a 

. The velocity impressed upon the needle, in the 

direction opposite to the horizontal motion of the flea, is 

nm Y^ COS OL 

equal to . Since- the flea alights on the needle at its 

other end, the horizontal range must be equal to 

mVt cos a 
X : 

t TnVt cos a F* sin 2a 
benco a? = f- ; 
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t . , . T . 2 Fsin a 
but t IS equal to : 

9 

1 F" sin 2a m + i* 
hence x = . — , 

(2) Two given monkeys begin, at the same instant and 
at the satme altitude, to scriamble with uniform accelerations 
up the two portions of a fine string which hangs over a 
smooth fixed puUy : at the end of a given time, one monkey 
has got a given distance ahead of the other: to determine the 
accelerations of the monkeys. 

Let w, m\ be the masses of the' monkeys, c the given 
distance and t the given time : also let T denote the tension 
of the string at any tune. Then, / /, denoting the uniform 
accelerations, 

and, the latter of the two monkeys being supposed to be the 
more lively, 

Frbni these three equations it is easily seen that 

._ 2c m' _ 

/,,__2c m _ 
and also that T= 



^ 



f {m - m') • 



(3) A fox, pursued by a hound, is running with uniform 
velocity over a frail arch in the form of a cycloid ; the hound 
stops at a weak point of the arch, then tumbles through, and 
reaches the level ground with a velocity equal to that of the 
fox : to prove, that the fox exerted no normal pressure on the 
arch at the point where the hound fell through. 
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Let m denote the mass of the fox, v his velocity, p the 
radius of curvature of the cycloid at the frail point, and Ip the 
inclination of the normal at that point to the vertical : then 
the normal pressure of the fox on the arch at the frail point 
is equal to 

^(pcos^-p=^(pcos0--2A), 

where h is the height through which the hound falls : but, 
by a known property of the cycloid, p is equal to twice the 
length of the normal between the point and the base of the 
cycloid, and therefore p cos ^ = 2& : hence we see that the fox 
exerts no normal pressure on the arch at the &ail point. 

(4) A man holds, in a vertical position, a needle, at the 
higher end of which rest two equal ladybirds : ceasing to hold 
the needle, he perceives that the needle remains stationary, 
while the ladybirds run down it at the same rate : find the 
whole length of the time down the needle. 

Let P be the weight of each ladybird ; Q the weight and 
c the length of the needle:* then the required time is equal to 



( 4Pc n 



(5) Two little monkeys, the weights of which are P, P\ 
cling to two portions of a fine inextensible string which 
passes over a smooth fixed puUy : if the monkeys keep 
descending with the respective accelerations/,/', prove that 
the tension of the string is equal to 

/-/ P.J^ 
9 'P-P" 

(6) Two rats cling to a rope, which hangs over the 
common summit of two inclined planes : the rope and one 
rat remain stationary: find the acceleration of the other rat. 

Let P, P, be the weights of the rats ; W, TT', those of the 
parts of the rope on the two planes ; and a, a', the inclina- 
tions of the planes. If P be the quiescent rat, the accelera- 
tion of the other is equal to 

|, {(P + W) sin a - (P' + W) sin a'}. 
W. M. 17 
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(7) A given uniform rod -45 is attached by little weight- 
less rings at its ends to two smooth fixed rods OA, OB, the 
former being horizontal and the latter extending vertically 
upwards from : a mouse of given weight is running down 
the rod BA^ while the rod is observed to remain stationary 
at a given inclination to OA : find the pressures exerted by 
the rings on the rods OA, OB. 

List W be the weight of the mouse, TP that of the rod ; 
P the position of the mouse at any time; then, a being the 
inclination of the rod AB, the required pressures are respec- 
tively equal to 

(8) Two equal coins lie on a smooth table: at the 
centre of one of them rests a turnip-hopper: the hopper 
skips to the centre of the other coin and sticks there : prove 
that the relative velocity of the coins after the skip is equal to 

cm m + 2fi 
fit * m + fjb * 

where c is the initial distance between the centres of the 
coins, fM the mass of each, m the mass of the turnip-hopper, 
and t the duration of its skip. 

l^) A wafer of given mass is placed upon a smooth table : 
two given fleas rest upon the wafer at ends of a diameter : both 
fleas skip simultaneously and alight, at different times, at 
the centre of the wafer, where they both remain : given the 
initial velocities of the two fleas in magnitude and direction, 
to find the radius of the wafer. 

Let fi be the mass of the wafer ; w, rn, the masses of the 
two fleas, V, V, their initial velocities, and a, a\ the initial 
inclinations of their motions to the horizon. Supposing the 
duration of the flight of the latter flea to be the greater of 
the two, the radius of the wafer is equal to 

m + m'-f-ft y* sin 2a' m V^ sin 2a , 

^ + /^ '9 M'' 9 

2mm' "Fsin a . V cos a' 
fi{m + fi)' a 
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(1 0) Two buckets of given weights are suspended by a fine 
inelastic string placed over a fixed puUy : at the centre of the 
base of one of the buckets a firog of given weight is sitting: at 
an instant of instantaneous rest of the buckets, the frog leaps 
vertically upwards so as just to arrive at the level of the rim of 
its bucket : find the ratio of the absolute length of the frog's 
vertical ascent in space to the length of its bucket, and 
determine the time which elapses before the frog again 
arrives at the base of its bucket. 

Let m = the mass of the frog's bucket, /A = that of the 
frog, m' = that of the other bucket; let A = the length -of the 
frog's bucket and K = that of the absolute length of the frog's 
vertical ascent in space. Then 

h " {m-\-m -{-fif^ 
and the required time is equal to 

a result which is independent of the frog's weight. 



17—2 
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CHAPTER XII. 



MISCELLANEOUS PBOBLEMS. 



(1) A particle moves round a closed curve with uniform 
acceleration : in the j>^, q^, r*, seconds it describes a, /3, y, 
circuits respectively : prove that 

a(j-r) +^ (r-jj) + 7 (jp - 2) = 0. 

(2) AB is the range of a projectile on a horizontal plane. 
Shew that, if ^ be the time from A to any point P of the 
path, and t' the time from P to J?, the vertical height of P 
above AB is equal to igU\ 

(3) A stone is thrown in such a manner that it would 

i'ust hit a bird at the top of a tree, and afterwards reach a 
leight double that of the tree : if, at the moment of throw- 
ing the stone, the bird flies away horizontally, prove that the 
stone may notwithstanding hit the bird, if its horizontal 

velocity be to that of the bird as 1 + J2 to 2. 

(4) Prove that the angular velocity of a projectile about 
the focus of its path varies inversely as its distance from the 
focus. 

(5) A number of particles are projected simultaneously 
from a point : if tangents be drawn to their paths from any 
point in the vertical line through the point of projection, 
prove that the points of contact will be simultaneous positions 
of the particles. 



i 



MISCELLANEOUS PROBLEMS. 261 

(6) If tangents be drawn to two parabolic paths, the foci 
of which are coincident, from any point in the common axis 
of the paths, shew that the velocities at the points of contact 
are equal. 

(7) Shew that the component of the velocity of a 
projectile, at right angles to its distance from the focus of its 
path, is constant. 

(8) Two bodies, thrown from a point in a horizontal 
plane, rise to equal altitudes above the plane and pass 
through a common point: prove that the horizontal distances 
of the common point from the ends of their ranges are in the 
proportion of the squares of the ranges. 

(9) A particle is projected horizontally from a given 
point which is vertically above another given point : to find 
the greatest initial velocity of the particle in order that after 
a time its distance from the latter point may be equal to its 
original distance from it. 

If c denote the distance between the two points, the 
initial velocity must be less than (cg)^. 

(10) If A be the vertex of the path of a projectile and 
PP' any focal chord, prove that the product of the times of 
describing the arcs PA, AP\ is constant, 

(11) An inelastic particle falls from rest to a fixed 
inclined plane and slides down the plane to a fixed point in 
it: shew that, if the time to the fixed point be given, the 
locus of the starting-point is a straight line. 

(12) A particle is placed on the convex side of a cycloid, 
the axis of which is vertical and of which the vertex is the 
highest point: the initial depth of the particle below the 
vertex being given, to find the point at which the particle 
will leave the curve. 

The particle will leave the curve at a point the depth of 
which, below the middle point of the axis of the cycloid, is 
equal to half the initial depth of the particle below the 
vertex. 
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(13) The minor axis of an ellipse is vertical : prove that 
the normal chord -of quickest descent from the curve to the 
major axis is that drawn from a point subtending a right 
angle at the foci, if there be such a point. 

(14) In a single moveable puUy the power and weight 
are in equilibrium : if the weight be doubled and only half 
the power be applied, prove that, the friction and inertia of 
the pully being neglected, the tension of the string will 
be unaltered. 

(15) A ball is projected from a point in a horizontal 
plane : after one rebound from the plane it strikes directly 
against a vertical wall : after two more rebounds it returns to 
the point of projection: if e be the elasticity, prove that 

e = 2(l-e»). 

(16) An imperfectly elastic ball, reflected at the circum- 
fereDce of a circle, describes the sides of an inscribed quadri- 
lateral in order : prove that two of the angles of the quadri- 
lateral are right angles. 

(17) The mass of the r^ of a series of quiescent balls, 
the centres of which are in a straight line, is 7n^\ and the 
modulus of elasticity between the r^ and the (r + 1)**" balls is 

if the first ball be projected directly against the second, 



"r+l 



m. 



prove that the velocity of each ball between its two collisions 
will be equal to the initial velocity of the first ball. 

(18) Three equal uniform elastic spheres -4, B, G, are 
placed on a horizontal table, so that the centres of A, B, C, 
are in a straight line, the centre of the middle one B being at 
equal distances from the centres of A and G: another equal 
sphere D is projected along the table so as to strike B : B 
then proceeds to strike one of the outer of the three spheres 
and D the other : prove that the ratio of the radius of any 
one of the spheres to the distance between the centres of A 

and G is greater than 1 to 4* J 5, 

(19) A bullet is fired in the direction towards a second 
bullet, which is let fall at the same instant : shew that the 
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two bullets "will meet, and that, if they coalesce, the latus- 
rectum of their joint path will be one quarter of the latus- 
rectum of the original path of the first bullet. 

(20) A particle, projected from a point in one of two 
parallel vertical smooth walls, returns, after three reflections 
at the walls, to the point of projection, its third impact being 
direct : prove that e' + e* + e = 1, and that the vertical 
heights of the three points of impact above the point of pro- 
jection are in the proportion of e*, 1 — e', 1. 

(21) A ball of given elasticity is thrown horizontally 
from a point in the rim of a hollow cylindrical column : to 
determine the direction of projection in order that its third 
impact on the interior surface of the column may be vertically 
below the point of projection. 

If be the inclination of the direction of initial velocity 
to the tangent to the rim at the point of projection, 

(22) Two equal molecules are connected together by a 
fine inelastic thread : one of them is placed on a smooth 
table, the other just over the edge, the thread being at full 
stretch at right angles to the edge : prove that the whole 
interval of time, fi:om the commencement of the motion to 
the instant when the whole thread first becomes horizontal, 
varies as the square root of the length of the thread. 

(23) Two equal baskets, initially at rest, are attached to 
the ends of a fine string, which hangs over a fixed puUy: 
each basket contains a weight eqtial to its own : the weight 
is taken out of one of the baskets and restored to it," without 
exerting any impulse on the string, at the end of a certain 
interval of time : at the end of an equal interval of time, 
dating from the instant of the restoration of the weight, the 
latter basket comes into contact with the puUy : prove that 
in either interval of time a body would fall from the puUy to 
the original place of the ascending basket. 
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(24) The centres of two equal spheres of given elasticity 
and radii are placed in a diameter of the rim of a given 
smooth fixed hemispherical bowl with which they are in 
contact at the ends of the diameter : to find the ratio of 
their mutual impulse at the instant of their collision at the 
end of their descents to the impulse of either on the bowl. 

If T be the radius of either sphere and / that of the bowl, 

the required ratio is equal to . 

(25) A bucket and a counterpoise, connected together 
by a string passing over a pully, are in equilibrium : if an 
elastic ball be dropped into the centre of the base of the 
bucket from a height A above the base, prove that, in the 
interval of time which elapses after the first impact before 
the ball ceases to rebound, the bucket will descend thix)ugh 
a space equal to 

(l~e)». (m + 2m')' 

where m, m^ are the masses of the ball and bucket^ and e is 
the coeflScient of restitution. 



APPENDIX. 

The following very ingemous and refined demonstration of the 
taatochronism of the cycloid was communicated to me by the late 
E.. L. Ellis, of Trinity College. The peculiarity of the demonstra- 
tion consists in its not introducing the consideration of any 
secondary property of the cycloid, involving merely the geome* 
trical conception which belongs to the definition of cycloidal 
.generation. 

"Conceive two points, not acted on by gravity, to move on the 
circumference of a stationary circle towards its lowest point: the 
plane of the circle we will suppose to be vertical. Let their 
motion be such that the ratio between their distances from 
the lowest point may be invariable. Then their velocities towards 
that point must be in that invariable ratio. Their heights above 
it are in the duplicate ratio ^: their initial heights above it were 



^ For let P be one of the points, H the highest and L the lowest point of 
the oirole: join PH, and let PM be at right angles to HL, Then, bj the 
similar triangles LMP^ HPL, ML is to PL as PL is to HL^ and therefore 
ML varies as the square of PL. 
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also in the duplicate ratio : so likewise therefore are their 
vertical descents towards it. In other words, the squares of 
their velocities towards the lowest point are as their vertical 
descents. 

" Conceive one of the points to be, when the other starts, at 
the highest point of the circle, and to move with a constant 
velocity {ga)^, a being the radius of the circle. Then, when it has 
descended through a vertical space z from its initial position^, the 
square of its velocity towards the lowest point of the circle is equal 
to ^gz. On this supposition with respect to one point,* it appears, 
from what has been said before, that the square of the velocity of 
the other point towards the lowest point of the circle is similarly 
equal to ^gz\ »' being the quantity corresponding to «, viz. 
its vertical descent below its initial position. 

"Now suppose the circle to move horizontally in its own plane 
with a velocity equal at every instant to the velocity, along the 
arc, of one of the points, the direction of the motion of the circle 
being towards the right or the left accordingly as the point is to 
the right or the left of the .vertical diameter. If the former point 
be chosen, then the velocity of the circle will be constant, if the 
latter point, it will be variable. In either case, the path of the 
point selected obviously becomes a cycloid, and it is easily seen 
that the velocity of the point towards the lowest point of the circle 
is destroyed by the motion of the circle itself, while the velocity 
at right angles to this direction is doubled": consequently the 

^ For let P be the point of which the velocity is (^a)^. Let the tangent at 
P meet HL^ produced, at T, Join PL and draw LK at right angles to LP. 
Let V denote the velocity of P in the direction PL, Then 

V : (ga)^ :: PL : PK. 

But the angle ItPL is equal to the angle PBM in the alternate segment 
of the circle, and therefore the triangles KPL, MHP, tfice similar: hence 

PL : PK :: HM : HP, 
and therefore 

V : {gaf :: HM : HP, 

or F2 : ga :: JffM^ ; HP^y 

but, by the similar triangles UPM, HPL, 

HM : HP :: HP : HL; 

hence V^ : ga :: HM : HL 

:: z : 2a, 

whence V^=igz, 

3 The angle LPT is eqnal to the angle LHP in the alternate segment of 
the circle, and therefore to the angle MPL, because the triangles LHP, PLM, 
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whole velocity of the point will have, for its square, 2gz or 2gz\ 
and we have thus a perfect representation of cycloidal motion 
under the action of gravity. But it is obvious from the funda- 
mental hypothesis that the two points will reach the lowest point 
of the circle at the same time : that is to say, the descent to the 
lowest point of the cycloid is tautochronous. 

"The analogy to the descent to the lowest point of a circle 
along its chords is in the essential point complete^ ibut here 
the motion is not along the chord but along the arc, and is 
complicated with the motion of the circle itself. In both cases it 
is easily seen that a medium, the resistance of which varies as the 
velocity, does not affect the tautochronism/' 

« 

are similar. Hence, the velocity of P in the direction MP, due to the motion 
of the circlCj being equal to P'a velocity in the direction PT, due to P*8 
motion in the circle, it follows that P has no motion parallel to PL, and that 
its motion, at right angles to PL, is double of what it was before the circle 
had motion : that is, the circle being in motion « the whole velocity of P is 
double of its velocity towards L while the circle was stationary* 
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